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Abstract 

  

Accurate recognition of spontaneous speech is one of the most difficult 
problems in speech recognition today, so I prepare these papers. 
To convert speech to on-screen text or a computer command, a computer has 

to go through several complex steps. When you speak, you create vibrations 

in the air. The analog-to-digital converter (ADC) translates this analog wave 

into digital data that the computer can understand. To do this, it samples, or 

digitizes, the sound by taking precise measurements of the wave at frequent 

intervals. The system filters the digitized sound to remove unwanted noise, 

and sometimes to separate it into different bands of frequency (frequency is 

the wavelength of the sound waves, heard by humans as differences in 

pitch),It also normalizes the sound, or adjusts it to a constant volume level. It 

may also have to be temporally aligned.  

Next the signal is divided into small segments which are called frames, then 

these frames pass throw a technique called windowing is used to achieve this 

result. Windowing allows the portion of the sample that is closest to the center 

of a window to be more heavily weighted than the parts of the sample that are 

further away from the center of the window. 

The next step is using powerful and complicated statistical modeling systems. 

These systems use probability and mathematical functions to determine the 

most likely outcome. The most common model is hidden marcove 

model,which describe a two-stage stochastic process. 

Finally using traning method in order to get the best path of the training data . 
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Introduction: 

Speech recognition systems are pattern classification systems .In these 
systems, sounds or sequences of sounds, such as phonemes, groups of 
phonemes, or words are modeled by distinct classes. The goal of the speech 
recognition system is to estimate the correct sequence. 
 
This thesis deals with the processing of signals received by an array of 
microphones for input into a speech recognition system. In this work, we wish 
to develop methods of performing such processing specifcally aimed at 
improving speech recognition accuracy. In order to do so, we must 
understand the manner in which speech recognition systems operate.  
 
In this papers, we review this process, describing how a speech waveform is 
converted into a sequence of feature vectors, and how these feature vectors 
are then processed by the recognition system in order to generate a 
hypothesis of the words that were spoken. We begin with a description of Mel-
frequency spectral coefficients (MFCC) , the features used in this thesis. We 
then describe the operation of speech recognition systems, limiting our 
discussion to those systems that are based on Hidden Markov Models 
(HMM). 
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Feature Extraction  

1.1 Introduction: 
 

Speech recognition systems do not interpret the speech signal directly, but 
rather a set of feature vectors derived from the speech signal. In this chapter, 
as in most current speech recognition systems, the speech signal is 
parameterized into a sequence of vectors called Mel-frequency spectral 
coefficients (MFCC). 
 

 

1.2 sampling 
The incoming speech signal is divided into a sequence of short overlapping 
segments, called frames. 
The first stage in the process converts speech to a digital representation by 
sampling speech at the rate of 8 kHz/second. Spectral shaping is performed 
to allow the more important frequency components to be emphasized in the 
speech signal. 
The sounds we hear are fluctuations in air pressure -- tiny variations from 

normal atmospheric pressure -- caused by vibrating objects. As an object 

moves, it displaces air molecules next to it, which in turn displace air 

molecules next to them, and so on, resulting in a momentary ‗high pressure 

front‘ that travels away from the moving object (toward your ears) 

our microphone detects a rise in pressure, followed by a drop in pressure, 
followed by a rise in pressure, and so on, corresponding to the back and forth 
vibrations of the tine of the tuning fork. 
 
If we were to draw a graph of the change in air pressure detected by the 
microphone over time, we would see a sinusoidal shape (a sine wave) rising 
and falling, corresponding to the back and forth vibrations of the tuning fork. 
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                Sinusoidal change in air pressure caused by a simple vibration back 
and forth 

 
 

Analog vs. digital signal: 

An analog sound signal is the result of measuring the voltage that represents 

the sound. these kinds of signals are continuous in the sense that they consist 

of constantly changing values. A digital sound is the result of counting all 

these values many times per second for a certain defined length/time. Each 

measurement values is called a sample, and this kind of process is called 

sampling. In order to process sounds on the computer, the analogs sound 

must be converted into a digital format understandable by computer; that is, 

binary numbers. 

 

Analog sound into digital sound: 

 

 

 

The above figure shows the process of converting a sound (e.g., coming from 

an instrument such as the violin) into a digital representation: a microphone or 

a line-level source converts sound into voltage; an analog-to-digital converter 

then converts voltage into binary numbers; then a computer stores the 

resulting sound. A digital-to-analog converter convert numbers into voltage 

and an amplifier relays the voltage to the speakers. 

 

Sampling theorem: 
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The analog-to-digital conversion process is called sampling. The frequency of 

a sound is equal to the number of cycles which occur every second ("cycles 

per second", abbreviated "cps" or "Hz"). In order to convert an analog sound 

signal into digital representation one needs to sample the signal many times 

per second. The frequency of this sampling process is called sampling 

frequency or sampling rate, and it is measured in Hertz (Hz). The sampling 

theorem states that in order to accurately represent a sound digitally, the 

sampling rate must be higher than at least twice the value of the highest 

frequency contained in the signal. The average upper limit of human hearing 

is approximately 18 kHz (18000 Hz), which implies a minimum sampling rate 

of 36 kHz (36000 Hz). The sampling rate frequently used in computer sound 

design systems is 44.1 kHz (44100 Hz). 

1.3 windowing 

The sampled signal is split into frames; each frame represents a finite time 
slice. Each slice is short enough to allow a speech wave segment to be 
considered stationary within the frame. A technique called windowing is used 
to achieve this result. Windowing allows the portion of the sample that is 
closest to the center of a window to be more heavily weighted than the parts 
of the sample that are further away from the center of the window. This 
weighting technique minimizes spectral leakage. Another window function, the 
hamming window, is an error-trapping routine that is used to detect data 
errors inside individual windows. 
By stepping a data window along a sampled speech signal, a sequence of 
frames that represent the whole speech wave sequence is obtained. Typical 
window lengths are 30 ms (where the length is a representation of a forward 
time-slice sequence), but the frames can be stepped at a shorter elapsed time 
interval, such as 20 ms, so that the frames overlap. 

 

 

 
 
 

1.4 Extract feature: 

Speech recognition systems do not base their decisions on the speech signal 
directly, but rather on a set of feature vectors derived from the speech signal. 
As with most current speech recognition systems, the speech signal is first 
parameterized in this thesis into a log-spectral representation. We examine 
the derivation of the log-spectral representation in more detail since feature 
generation is an important component of the work in this thesis. 
 
The original continuous speech waveform is first discredited via sampling and 
then segmented into a sequence of short overlapping sequences which are 
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called frames. The frame is the basic unit that carries the information of the 
speech signal, and all processing 
Described in this thesis is actually applied on a frame-by-frame basis. The 
duration of a frame is normally about 20 ms because the speech signal is 
quasistationary over this time interval. 
 
Each frame of the speech signal is then windowed and transformed into the 
frequency domain using the short-time Fourier transform (STFT). The square 
of the magnitude is computed for each STFT component, and these 
coefficients are then passed through a bank of triangularly shaped weighting 
coefficients called Mel filters. This name reflects the Mel scale, 
Which is one of several nonlinear scales that have been constructed to reflect 
the resolution of peripheral human auditory frequency analysis. The Mel scale 
is linear at low frequencies and logarithmic at frequencies above 1000 Hz. 
There is a 50% overlap between adjacent triangular ―filters.‖ We take the log 
of the energy of each Mel-filter output. The set of these logs is the log-spectral 
representation of the speech signal used in subsequent processing 

                                    

1.4.1 Short time Fourier transform (STFT): 
The short-time Fourier transform (STFT),or alternatively short-term fourier 
transform, is a Fourier-related transform used to detrmine the sinusoidal 
frequency and phase content of local sections of asignal as it changes over 
time. 
 
Discrete time Fourier transform: 
In discrete time case, the data to be transformed could be broken up into 
chunks or frames (which usually overlap each other, to reduce artifacts at the 
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boundary). Each frame is Fourier transformed, and the complex result is 
added to a matrix. 

 
To improve the result of short fast Fourier: 

1. Blocks are overlapping 

2. Each block is multiplied by a window that is tapered at its endpoints. 

Several parameters must be chosen:  

 Block length, R.  
 The type of window.  
 Amount of overlap between blocks. 
  Amount of zero padding, if any.  

 

The short-time Fourier transform is defined as:  

 

Where x[n] : is the window function of length R 
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1. The STFT of a signal w[n] is a function of two variables :time and 
frequency 

2. The block length is determined by the support  of the window function 
x[n] 

3. A graphical display of the magnitude of the STFT, |X(ω,m)|, is called 
the spectrogram of the signal. It is often used in speech processing.  

The discrete-time index m is normally considered to be slow time and 
usually not expressed in a high resolution as time n. 

The magnitude squared of the STFT yields the spectrogram of the 
function: 

 

 

4. The STFT of a signal is invertible.  
5. One can choose the block length. A long block length will provide 

higher frequency resolution (because the main-lobe of the window 
function will be narrow). A short block length will provide higher time 
resolution because less averaging across samples is performed for 
each STFT value.  

6. A narrow-band spectrogram is one computed using a relatively long 
block length R, (long window function).  

7. A wide-band spectrogram is one computed using a relatively short 
block length R, (short window function).  

 

 

 

1.4.2 Mel-frequency cepstrum: 

Is a representation of short-term power spectrum of a sound ,based on a 

linear cosine transform of log power spectrum on a nonlinear Mel scale of 

frequency. 

Mel-frequency spectral coefficients (MFCCs) are coefficients that collectively 

make up an MFC. They are derived from a type of spectral representation of 

the audio clip (a nonlinear "spectrum-of-a-spectrum"). The difference between 

the cepstrum and the Mel-frequency cestrum is that in the MFC, the frequency 

bands are equally spaced on theme scale, which approximates the human 

auditory system's response more closely than the linearly-spaced frequency 

bands used in the normal cepstrum. This frequency warping can allow for 

better representation of sound, for example, in audio compression.  
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The mel scale, proposed by stevens,volkman and Newman in 1937 is a 

perceptual scale of pitches judged by listeners to be equal in distance from 

one another. The reference point between this scale and normal frequency 

measurement is measurement is defined by equating a 1000 HZ tone, 40 dB 

above the listener's threshold, with a pitch of 1000 mels. Above about 500 Hz, 

larger and larger intervals   are judged by listeners to produce equal pitch 

increments. As a result, four octaves on the hertz scale above 500 are Hz 

judged to comprise about two octaves on the Mel scale. The name Mel comes 

from the word melody to indicate that the scale is based on pitch 

comparisons. 

A popular formula to convert f hertz into Mel is: 

 

 

1.4.3 Window function: 

Is a mathematical function that is zero-valued outside of some chosen 

interval. For instance, a function that is constant inside the interval and zero 

elsewhere is called a rectangular window, which describes the shape of its 

graphical representation. When another function or a signal (data) is 

multiplied by a window function, the product is also zero-valued outside the 

interval: all that is left is the part where they overlap; the "view through the 

window". Applications of window functions include  spectral analysis, filter 

design. 

 

MFCCs are commonly derived as follows: 

1. Take the Fourier transform of signal. 

2. Map the powers of the spectrum obtained above onto the Mel scale, 

using triangular overlapping windows. 

3. Take the logs of the powers at each of the Mel frequencies. 

4. Take the discrete cosine transform of the list of Mel log powers, as if it 

were a  signal. 

5. The MFCCs are the amplitudes of the resulting spectrum 
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HMM Modeling 

2.1 Marcove chain: 

Markov Chain it is mathematical tool for statistical modeling, it is advisable to 
Start with a simple example: 

Let us consider a simple weather forecast problem and try to emulate a model 

that can predict tomorrow's weather based on today‘s condition. In this 

example we have three stationary all day weather, which could be sunny (S), 

cloudy (C), or Rainy (R). From the history of the weather of the town under 

investigation we have the following table (Table-1) of probabilities of having 

certain state of tomorrow's weather and being in certain condition today: 

 

 

In this case what we are looking for is the weather conditional probability 
P(Tomorrow/Today). We realize that tomorrow's weather depends on today‘s 
condition as well as the previous several days, but we accept the assumption 
of tomorrow‘s weather depends only on today‘s condition as it is in 
consistency with the first order Markov chain. This assumption is greatly 
simplifying the problem of formulating the model even in the actual speech 
recognition case and we will use it when we come to tackle the real problem. 
We refer to the weather conditions by state q that are sampled at instant t and 
the problem is to find the probability of weather condition of tomorrow given 
today's condition P(qt+1 /qt). 
An acceptable approximation for n instants history is: 
P(qt+1/qt , qt-1 , qt-2 , ….. , qt-n ) » P(qt+1 /qt). 
This is the first order Markov chain as the history is considered to be one 
instant only. 
The finite state diagram of the weather probabilistic table is shown in Fig(1). 
Let us now ask this question: Given today as sunny (S) what is the probability 
that the next following five days are S , C , C , R and S, having the above 
model? 
The answer resides in the following formula using first order Markov chain: 
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P(q1 = S, q2=S, q3=C, q4=C, q5=R, q6=S) = 
P(S).P(q2=S/q1=S). P(q3=C/q2=S). P(q4=C/q3=C). P(q5=R/q4=C). 
P(q6=S/q5=R) 
= 1 x 0.7 x 0.2 x 0.8 x 0.15 x 0.15 
= 0.00252 
The initial probability P(S) = 1, as it is assumed that today is sunny. 

 

 

2.1.1 modeling  marcove chain: 
A Markov chain is a triplet (Q, {p(x1 = s)}, A), where: 

 Q is a finite set of states. Each state corresponds to a symbol in the 

alphabet Σ. 

 p is the initial state probabilities. 

 A is the state transition probabilities, denoted by ast for each s, t €Q. 
 
For each s, t € Q the transition probability is: 
 

                 

We assume that X = (x1, . . . , xL) is a random process with a memory of 
length 1, i.e., the value of the random variable xi depends only on its 
predecess or xi−1. Formally we can write: 
  

 
 
The probability of the whole sequence X will therefore be: 
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We can simplify this formula by transforming the initial probability p(x1) into a 
transition probability. We can add fictitious begin and end states together with 
corresponding symbols 

x0 and xL+1. Then we can define ∀s∈Σ a0,s≡ p(s), where p(s) is the initial 

probability of the symbols. Hence: 

    
 
 
 
 

2.2     Hmm model: 

2.2.1 HMM tool for modeling time series data, used in: 

 Almost all speech recognition systems. 

 Computational molecular biology 

 Handwritten word recognition Its   

 
 

2.2.2 HMM Definition: 

 
A hidden Markov model (HMM) is a statistical model, in which the system 
being modeled is assumed to be a Markov process with unobserved state, 
hidden markov models (HMMs) describe a two-stage stochastic process. The 
first stage consists of a discrete stochastic process, which is stationary, 
causal, and simple. The state space considered is finite. Thus the process 
probabilistically describes the state transitions within a discrete, finite state 
space. It can be visualized as a finite state automaton with edges between 
any pair of states, which are labeled with transition probabilities. The behavior 
of the process at a given time t is only dependent on the immediate 
predecessor state and can be characterized as follows: 

                    
In the second stage then for every point in time t additionally an output or 
emission Ot is generated. The associated probability distribution is only 
dependent on the current state St and not on any previous states or 
emissions1. 
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In the pattern recognition literature the behavior of HMMs is always 
considered 
for a finite time interval of length T . For the initialization of the model at the 
beginning of that period additional start probabilities are used that describe 
the probability distribution of the states at time t = 1. An equivalent termination 
criterion is usually missing, however. The actions of the model are, therefore, 
terminated as soon as an arbitrary state at time T is reached. Neither a 
statistically nor a declarative criterion is used to specifically mark end states. 
A hidden Markov model of first order, which is usually denoted as λ, is, 
therefore, 
Completely described by  

 

 a finite set of states {s|1 ≤ s ≤ N} that in the literature are usually only 
referred to by their indices, 

 a matrix A of state transition probabilities 

      
 a vector π of start probabilities 
 

 
 and state specific probability distributions 

 

 
However, the output distributions need to be distinguished depending on the 
type of emissions the model is generating. In the simplest case the outputs 
are generated from a discrete inventory {o1, o2, . . . oM} and, therefore, have a 
symbolic nature. The quantities bj(ok) then represent discrete probability 
distributions which can be grouped together in a matrix of output probabilities: 
 

 
 
For this choice of output modeling one obtains so-called discrete HMMs. 
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If the observations are vector valued quantities   instead, the 
output distributions are described on the basis of continuous probability 
density functions: 
 

        
Current applications of HMMs for problems of signal analysis exclusively use 
these so-called continuous HMMs, even though the necessity to model 
continuous distributions significantly increases the complexity of the formalism 
 
 
In speech recognition Consider the speech signal as a sequence of 
observable events generated by the mechanical speech production system 
which transitions from one state to another when producing speech. These 
state transitions are assumed to be modeled by a Markov process in that the 
probability of moving to a given next state depends only on the identity of the 
current state. These state transitions are ―hidden‖ in the sense that they are 
not directly observable. As the underlying process transitions from an arbitrary 
state i, it is assumed to produce a vector of observations that are probabilistic 
and depend only the state that is being left. These are the vectors that are 
used by the speech recognition system in making classification decisions. 
 
 

 

2.2.3 Graphical Model of HMM: 

Has the graphical model shown below and latent variables are discrete 
 

 
 
A single time slice corresponds to a mixture distribution with component 
densities p(x|z)Each state of discrete variable z represents a different 
component  
 

2.2.4 Example of HMM model: 

 
To understand the HMM we prefer to start with a simple exampleAssume that 

we have two persons, one doing an experimentand the other is an outside 
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observer. Let us consider that we have N urns (states) numbered from S1 to 

SN and in each urn there are M colored balls (observations) distributed in 

different proportions. Also we have a black bag belongs to each urn, each bag 

contains 100 counters numbered by three numbers. These numbers are the 

current urn number Si and the following two urns numbers Si+1 and Si+2 in 

probability proportions of .8, .15, and .05 respectively. The counters of the bag 

belonging to the urn just before the last are carrying one of two numbers only; 

SN-1 and SN in probabilities of .9 and .1 respectively. We assume that the 

starting urn (state) is always urn1 (S1) and we end up in urn N (SN). The last 

urn need no bag as we suggest to stay their when we reach it till the end of 

the experiment. We start the experiment at time t =1 by drawing a ball from 

urn1 and register the color then return it back to the urn. Then draw a counter 

from the corresponding urn bag. The expected possible numbers on the 

counters are: 1 (stay in urn1), or 2 (move to the next urn), or 3 (jump to the 

third urn). We continue with the same procedure of drawing a counter then a 

ball from the corresponding urn and registering the ball colors till we reach 

state N and stay there till the end of the experiment at instant T. The outcome 

of this experiment is a series of colored balls (observations) which could be 

considered as a sequence of events governed by the probability distribution of 

the balls inside each urn and by the counters existing in each bag. The 

outside observer has no idea about which urn a ball at any instant has drawn 

from (hidden states), what he knows is only the observation sequence of the 

coloured balls(observations). 

Several things could be concluded from this experiment: 
1 – The starting urn is always urn1 (S1). 
2 – The urn which has been left cannot be visited again (i.e. moving from left 
to right 
direction). 
3 – Movements are either by one or two urns to the right. 
4 – The last urn visited is always urn N (SN). 
A chain of 5 urns (states) is shown in Fig below. 
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 States chain of the urn experiment using 5 urns. 
Each numbered circle represents a state and the arrows shows 
the states‘ flow during the whole process. 

aij represents the probability of state transition (probability of being in state Sj 
given state Si ) 
aij = P(qt+1=Sj / qt=Si)  
bj(wk) is the wk symbol (ball colour) probability distribution in a state Sj 
w is the alphabet and k is the number of symbols in this alphabet. 
p = {1 0 0 0 0 } is the initial state probability distribution. 
In this special case of states‘chain topology 

 
The model is completely defined by these three sets of parameters a, b, and p 
and the model of N states and M observations can be referred to by : 

The model that we have been described is a special type of HMM which is 
normally used in speech recognition. It is called Left-Right HMM as derived 
from its way of behaviour and its topology (moving from left to right during 
state transition). The reason for using the L-R topology of HMM is due to its 
inherent structure which can model the 
temporal flow of speech signal over time. 
It might be not very obvious how the HMM related to the speech signal 

modelling.This could be envisaged by looking at the speech production 

mechanism. Speech is produced by the slow movements of the articulatory 

organ. The speech articulators taking up a sequence of different positions and 

consequently producing the stream of sounds that  form the speech signal. 
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Each articulatory position could be represented by a state of different and 

varying duration. Accordingly, the transition between different articulatory 

positions (states) can be represented by A = {aij}. The observations in this 

case are the sounds produced in each position and due to the variations in 

the evolution of each sound this can be also represented by a probabilistic 

function B = {bj(wk)}. 

The correspondence between the model parameters and what they represent 

in the speech signal is not unique and could be viewed differently. The 

important thing is to envisage the physical meanings of the states and 

observations in each view. 

 
 

 

2.3 Modeling Emissions: 

 
The description of the model‘s emissions by discrete probability distributions 
is normally used in the literature for the introduction of HMMs. 
For applications in the field of signal processing, however, discrete models 
are hardly considered any more, as they require the use of a vector quantizer, 
which converts continuous feature representations of speech signals or 
handwritten script into discrete observation sequences prior to the analysis. 
Avoiding this quantization step or including it into the model building process, 
respectively, considerably increases the expressive power of the HMM 
formalism. 
 
Parametric representations are, however, only known for a small number of 
families of distributions, as e.g. the normal or Gaussian distribution. For the 
desired application area such ―simple‖ models can not be used, as—without 
exception—they represent uni-modal distributions. With only a single region of 
high density in the area of the expected value only extremely ―well-behaved‖ 
data can be described. In order to be able to nevertheless deal with arbitrary 
continuous distributions with multiple modes or regions of high density in 
general, approximative techniques are applied. The most well known and 
most widely used method consists in the use of mixture densities on the basis 
of Gaussian densities. It can be shown that every general continuous 
probability distribution p(x) can be approximated to arbitrary precision with a 
linear combination of, in general, infinitely many component normal 
distributions 
 



[txet epyT] Page 20 

             

 
If a finite number M of mixtures is used for the approximation, an error 
results,which, however, can be kept small by using a suitable number of 
component densities.As a normalization constraint the mixture weights, which 
may vary between zero and one, need to sum up to unity: 
 

   
 
 
 

2.4 Use Cases: 

  
The application of HMMs for pattern recognition tasks is always backed by the 
fundamental assumption that the patterns considered are — at least in 
principle— outputs of a comparable stochastic model and that the properties 
of this model can be described reasonably well by HMMs. 
A relevant question for a given model is, therefore, how well this model 
describes 
some pattern — i.e. a certain observation sequence. For this purpose the 
production probability P(O|λ) of the data for a known model—or a reasonable 
approximation of it—needs to be computed. On the one hand this quantity 
indicates, how well some model λ that was built for describing certain example 
data O = O1,O2, . . .OT is capable of representing the statistical properties of 
this data. On the other hand it can be used as the basis for a classification 
decision. 
 
If two or more HMMs λi are available, which resemble the statistical properties 
of patterns from different pattern classes Ωi, some given sequence of test 
data O can be classified into that class Ωj , for which the posterior probability 
P(λj |O) becomes maximum: 
 
 

 
 
When evaluating this expression, the probability P(O) of the data itself 
represents 
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a quantity irrelevant for the classification — or the maximization of P(λi|O) — 
because it is independent of λi and, therefore, constant. Thus for determining 
the optimal class it is sufficient to consider the denominator of equation 
 

 
However, for this procedure in addition the prior probabilities P(λi) of the 
individual models need to be specified. For the sake of simplicity these are, 
therefore, frequently neglected, so that the classification decision is solely 
based on the production probability P(O|λi). 
Such an approach can be applied to the classification of isolated sample 
patterns that do not need to be further segmented into smaller units. 
Themodels for describing the different pattern classes are defined completely 
independently of each other. In this way, e.g., isolated word recognition tasks 
can be solved or local similarities of biological sequences can be analyzed . 
 
The more evaluation of the production probability makes, however, only 
classification decisions on completely segmented data possible. Therefore, in 
the context of HMM technology a different model of usage is of greater 
importance, which allows for the integrated segmentation and classification of 
sequences of sample data. 
There in one assumes that the possibility exists to associate individual 
meaningful units of a larger observation sequence with partial structures 
within a larger model. 
Usually this is achieved by a constructive approach. First, small models for 
certain elementary segmental units are created, as e.g. for speech sounds, 
handwritten characters, or short amino-acid sequences. These can then be 
combined to form larger compound models taking into account certain 
restrictions about the sequencing possibilities. In automatic speech 
recognition thus from single speech sounds models for words and finally 
whole spoken utterances are constructed. In the field of   bioinformatics 
models for families of proteins can be built in a similar way. 
For such a complex HMM the production probability P(O|λ) yields hardly any 
Relevant  information about the data considered. Instead the internal 
processes involved in the generation of the observation sequence O = O1,O2, 
. . .OT using the model λ need to be uncovered, i.e. the associated state 
sequence s = s1, s2, . . . sT . On this basis inferences about the partial 
models involved and also a segmentation of the observation sequence into 
these units can be achieved. 
In a stochastic formalism inferences can, however, always be drawn in a 
probabilistic way only. Therefore one determines that state sequence s∗  that 
maximizes the production probability 
P(O, s*|λ) of the data for a given model λ. This procedure is usually referred to 
as the decoding of the model, as the generation of observations by the model 
can be viewed as the coding of the internal state sequence into observable 
entities. 
Finally, the important question needs to be clarified, how a model can be built 
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at all, that sufficiently enough resembles the statistical properties of certain 
data, in order to be used for purposes of classification or recognition. Though 
it can be evaluated by considering the production probability, how well a 
certain model describes given data, no algorithm is known, which could 
generate the optimal model for a certain task on the basis of example data. It 
is merely possible to improve an existing model λ such that the optimized 
model ˆλ better resembles— in the statistical sense —the example data used. 
As with most iterative optimization methods also here the choice of a suitable 
initial model is of essential importance. The use cases outlined above are 
frequently described as three fundamental problems for HMMs in the 
literature. The so-called evaluation problem is concerned with the question, 
how for a given model the probability can be determined to generate a given 
observation sequence with this very model. The drawing of inferences about 
the internal processes within HMMs is the aim of the so-called decoding 
problem. The challenging search for the model which will be optimal to 
represent the properties of certain example data is finally called the training 
problem.  
 

2.5 Notation: 
In order to achieve an HMM notation with a maximum of uniformity we will 
keep the ―discrete‖ view on the models in the following, as long as a 
differentiation or specialized treatment of continuous models is not necessary. 
This means that we will always be talking about probabilities even if those 
would need to be eventually densities in the continuous case. The emissions 
of the models will in these cases also be uniformly denoted as a sequence O 
of elements O1,O2, . . .OT . 
The discrimination between discrete and continuous models will exclusively 
be made on the basis of the values that can be taken on by these random 
variables Ot. 
In the discrete case we will be denoting the observation symbols as ok 
 
 

2.6 Evaluation: 
The most widely used measure for assessing the quality, with which an HMM 
describes the statistical properties of certain data, is the so-called production 
probability. 
It gives the probability that the observation sequence considered was in some 
Arbitrary way — i.e. along an arbitrary state sequence — generated by a 
certain model. A similar but slightly modified evaluation criterion is obtained, if 
only that state sequence is considered, which for the given data yields the 
maximal generation probability. 
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2.6.1 The Production Probability: 
In order to calculate the production probability P(O|λ) of a certain observation 
sequence O for a given model λ we will first consider an intuitively simple but 
quite inefficient method. 
As the output of observation elements Ot can only result from the states of the 
model, an observation sequence O1,O2, . . .OT needs to be generated along 
a corresponding state sequence s = s1, s2, . . .sT of the same length. The 
probability for this happening is obtained as the product of the output 
probabilities along the state sequence, as the model is given and also the 
concrete state sequence can be assumed to be fixed : 

 
 
 
 

(1) 

 
The probability that a given model λ runs through an arbitrary state sequence 
is in turn simply obtained as the product of the respective state transition 
probabilities. At the beginning of the sequence in principle the start probability 
πs1 needs to be used. 
The notation can, however, be greatly simplified by the definition of a0i := πi 

and s0 := 0: 
 

       (2) 
 
By taking together equations (1) and (2) it can immediately be determined, 
with which probability a given model λ generates a certain observation 
sequence O in a specific way —i.e. along a certain state sequences. 

 
By the interleaving of the calculation procedures an expression results that 
immediately reflects the internal processes of the model: In turn state 
transitions are carried out according to ast−1,st and state-specific outputs are 
generated according to bst (Ot). 
Due to their statistical nature HMMs are principally capable of generating a 
desired observation sequence O along every arbitrarily chosen sequence of 
states s of the same length, though eventually with arbitrarily low probability. 
Therefore, for the calculation of the production probability P(O|λ) of a certain 
observation sequence O all state sequences of length T through the model 
need to be taken into account as possible ―causes‖. 
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 The overall probability is then obtained as the sum over all probabilities for 
jointly generating the observation sequence O and a specific state sequence 
s: 

 

2.6.2 Forward Algorithm: 

The widespread use of HMM technology can essentially be attributed to the 
fact that for this formalism efficient algorithms are known for the solution of the 
central problems. All these methods use the Markov property valid for all 
HMMs, this is their limited ―memory‖ that only allows for the storing of a single 
internal state. If a model λ has taken on a certain state j at time t it is totally 
irrelevant for the future behavior of the model, on which path this state was 
arrived at and which outputs were generated in this course. At the respective 
next point in time t + 1 it is, therefore, sufficient to consider all possible states 
at time t only — this is the N states of the model. Thus one can always carry 
out the elementary calculations for HMMs strictly along the time axis in 
parallel for all model states. 

 
Calculation scheme for determining the forward variables αt(i) by means of            
the forward algorithm. 
 
For the calculation of the production probability P(O|λ) this principle leads to 
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the so-called forward algorithm 
One defines as the so-called forward variables αt(i) the probability that for a 
given model λ the first part of the observation sequence up to Ot is generated 
and at time t the state i is reached. 
 

 
 
 
For the initialization of the computations or the anchoring of the recursion, 
respectively, the forward probabilities α1(i) at the beginning of the time axis, 
i.e. at time t = 1 need to be determined. The probability for generating the first 
observation element O1 at the initial point in time and for reaching state i, is 
obtained as the product of the start probability πi for state i and the output 
probability bi(O1) of the observation element in this state: 
 

                 
 
For the further course of the calculations one can now assume that according 
to the induction principle the calculation of the αt(i) is possible for all past 
times t. It 
is, therefore, sufficient to specify a rule, how the forward variables αt+1(j) can 
be 
computed from these quantities at the next point in time. 
 
In order to generate the prefix of the observation sequenceO1,O2, . . . 
,Ot,Ot+1, 
which is extended by the observation element Ot+1, and to reach state j, all 
possibilities need to be considered for generating O1,O2, . . . ,Ot — which is 
equivalent to αt(i) — and then proceeding by one further step in time. The 
forward variable αt+1(j) is, therefore, obtained as the sum of the αt(i) over all 
possible predecessor states i and inclusion of the respective transition 
probabilities aij to the current state. Additionally, the observation element Ot+1 
needs to be generated according to bj(Ot+1): 
 
 

     
 

2.6.2.1Prameter estimation of Forward-Backward Algorithm: 

In order to compute the posterior probability P(St = i|O,λ) of a state i at time t 
for a given observation sequence O and a known model λ of course a ―brute 
force‖ 
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approach could be used. However, with the forward variables αt(i) . Merely the 
probability is missing for completing the rest of the partial observation 
sequence from the current state onward. 
This quantity is referred to as backward variable. It represents the probability 
for generating the partial observation sequence Ot+1,Ot+2, . . .OT from time 
t+1 onward starting at state j and given the model λ. 
 

 
It can be efficiently computed with the counterpart of the forward algorithm — 
the so-called backward algorithm—and represents the companion piece to the 
forward variable αt(i). Both algorithms taken together are frequently considered 
as a coherent unit in the literature and are referred to as the forward-
backward algorithm. 
In order to compute the desired state probability P(St = i|O,λ) on the basis of 
the forward and backward variables let us first rewrite this expression using 
Bayes‘ rule as follows: 

                    
The production probability P(O|λ) can be computed by means of the forward 
algorithm. The numerator of the right hand side of equation above  directly 
corresponds to the product of the respective forward and backward variables: 
 

 
The posterior probability of the state i at time t, which is usually denoted as 
γt(i), can, therefore, be calculated as follows: 
 

 
The evaluation of the backward variable βt(i)—as already indicated by its 
name  almost corresponds to a mirrored version of the forward algorithm. The 
anchoring of the inductive computation procedure takes place at time t, which 
is the end of the time interval defined by the observation sequence. Trivially, 
the probability for not generating any further observations from time T onward 
is equal to one. 

                            
        
If according to the induction principle the βt+1(j) are assumed to be known for 
all future times t+1, a recursive computation rule for the backward variables 
βt(i) can be derived by considering all possible continuations of a state 
sequence starting from the current state i. 
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At the termination of the procedure one obtains—similarly to the forward 
algorithm the production probability P(O|λ) by summation over all backward 
variables β1(i) at time t = 1 taking into account the start probabilities and the 
generation of the first observation element O1 in the respective state: 

                 
 
2.7   Viterbi Algorithm: 
Because the state sequence is hidden from the observations in HMMs, finding 
the specific state sequence which generates the highest likelihood of the 
feature vector sequence is one of the fundamental problems of using HMMs 
for speech recognition. Since in speech recognition we have only target 
information (i.e. the identity of the true recognition class) available at the 
sentence or word level, the state sequence can be treated as the target at the 
state level, which is frequently necessary for processing using HMMs.  
Although in theory one could try all possible state sequences and pick the one 
that has the highest likelihood, an efficient algorithm such as Viterbi alignment 
The efficient computation of the optimal state sequence s* by means of the 
so-called Viterbi algorithm uses a recursive procedure, which is quite similar 
to the forward algorithm and which also exploits theMarkov property. 
 
one defines probabilities δt(i) for partially optimal paths, which generate 
the initial segment of the observation sequence up to Ot with maximal 
probability and end in state i. 
 
 

 
 
The computation scheme for the δt(i) largely corresponds to the one for 
determining the forward variables αt(i). The only difference is that instead of a 
summation over the probabilities associated with the predecessor states a 
maximization is performed. The resulting algorithm for the computation of the 
optimal path is presented below: 
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Viterbi algorithm for computing the optimal state sequence s_, which 
maximizes the production probability P(O, s_|λ) of an observation sequence O 
for a given model λ. 
 
 
 
every decision in the computation of the δt(i) is only locally optimal. 
The globally optimal probability of the optimal state sequence s* is only known 
after the evaluation of the δT (i), i.e. after the observation sequence has been 
considered  in its entire length. That state, that maximizes δT (i) denotes the 
end of the optimal state sequence. The remaining members of the sequence 
now need to be determined based on the decisions made during the 
computations of the δt(i). Therefore, one defines so-called ―backward 
pointers‖ ψt(j) along the partial paths, which for every corresponding δt(j) store 
the associated optimal predecessor state. 
 

   
 
 
Starting from: 
         

            
the optimal path can then be reconstructed recursively according to: 
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The optimal state sequence can, therefore, only be determined after the end 
of the observation sequence is reached, i.e. only after all the data to be 
analyzed is known in its entirety. 
 
 
Parameter Estimation: 
 

 
 
In order to be able to infer the expected state transitions or outputs of the 
model, 
respectively, it is necessary to determine the probability that at a given time t 
the model was in a certain state i. This probability we want to be referring to 
as the state probability in the following. 
For its computation two fundamentally different possibilities exist. If the 
probability P(O, s*|λ) to create the observation sequence along the optimal 
path only is considered, it can be verified directly, whether or not a certain 
state i was present at time t. The state probability P*(St = i|O,λ), therefore, 
takes on the values zero and one only. It can be described by a characteristic 
function that operates on the optimal state sequence s*: 
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Training Methods: 
The probabilistic possibility for defining the state probability via γt(i) or its 
deterministic variant χt(i), respectively, form the basis for the training methods 
treated in the following. By means of the chronological mapping between 
model states and elements of the observation sequence not only state 
transition probabilities can be estimated but also the parameters of the state 
specific output distributions. In discrete models thus also simple estimation 
formulas can be derived. 
 
The most well known group of methods applies techniques for discriminative 
training. Similarly to Viterbi training the goal is therein to improve the 
probability of the optimal path through the model for given data. However, this 
is not achieved in isolation. Rather it is attempted to reduce the probability of 
all competing paths at the same time. In this way a higher discriminative 
power of the models shall be achieved, which, however, results in a 
substantially higher computational effort. Mathematically a maximization of the 
mutual information is performed. 
 
 

3.1  Viterbi Training: 
only the probability P∗ (O|λ) = P(O, s*|λ) that the observation sequence is 
generated along the best-scoring path s* is optimized during the training 
process. It can be shown that the method realizes a growth transformation 
starting from an existing model λ, so that the modified model ˆλ achieves a 
higher or at least equal probability for the optimal path: 
 
 

      

                  
 
The method follows the intuitive understanding of the principle of HMM 
training 
proceeding in two working phases First, the optimal state sequence s* for the 
training data is computed depending on the given model parameters by 
means of the Viterbi algorithm. In the second step the estimates for updating 
the model parameters are determined on the basis of the empirical 
distributions, which result from the explicit mapping of observations to 
individual model states along the optimal state sequence. 
Formally this mapping can be described via the state probability χt(i) known 
from equation  
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which merely corresponds to the evaluation of a characteristic function on the 
optimal state sequence s*. 
Estimates for the state transition probabilities, which can principally be 
obtained by counting state pairs in the optimal state sequences, are obtained 
as: 

 
Useful estimates for start probabilities are, however, not obtained by means of 
the Viterbi training. As a special case of equation one would obtain a value of 
one for the start probability πs*1. of the first state s∗ 1 of the optimal state 
sequence and zero for all other states. As the start probabilities are hardly of 
any importance in practical applications, this means no significant limitation of 
the method. The discrete output probabilities are directly determined by the 
empirical distributions. The latter are obtained by simply counting all 
observation symbols ok,  which are mapped to a certain model state via the 
optimal state sequence: 
 

 
 
 
The overall algorithm for the Viterbi training of discrete HMMs is summarized in 
figure: 
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   Viterbi training for parameter estimation of discrete HMMs. 
 

 

 

 

Conclusion: 
The feature extraction process, by which an incoming speech waveform is 
converted into a series of MFCC vectors, was described in detail. We then 
saw how Hidden Markov Models are used to model the distributions of 
sequences of feature vectors, and how such models can be used to obtain an 
estimate of the words spoken based on an observed sequence of feature 
vectors. 
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