
Continuous-Time Signals and Systems

1 Preliminaries

• Notation for a continuous-time signal: x(t)

• Notation: If x is the input to a system T and y the corresponding out-
put, then we use one of the following notations to express the relation
between x and y:

1. x(t) 7→ y(t)

2. y(t) = T{x(t)}

• Notation: The derivative of a signal y(t) is represented by ẏ(t). The
second derivative, i.e., the derivative of ẏ(t), is denoted by ÿ(t).

• Most of the concepts and theorems for continuous-time systems are
analogous to those for discrete-time systems. Most of the time, the
differences are essentially change of n to t and change of summation to
integration while the basic ideas remain the same. As you read through
these lecture notes, keep this close parallel between discrete time and
continuous time in mind and observe how the results differ between the
discrete-time case and the continuous-time case. This will give you a
better understanding of both discrete-time and continuous-time signals
and systems.

2 Classification of Continuous-Time Systems

2.1 Linear/Nonlinear

• A system is said to be linear if the following two properties hold:

1. If x(t) 7→ y(t), then αx(t) 7→ αy(t) for any real number α.

2. If x1(t) 7→ y1(t) and x2(t) 7→ y2(t), then (x1(t)+x2(t)) 7→ (y1(t)+
y2(t)).
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• Equivalently, a system is said to be linear if the following property
holds:
If x1(t) 7→ y1(t) and x2(t) 7→ y2(t), then (αx1(t) + βx2(t)) 7→ (αy1(t) +
βy2(t)) for any real numbers α and β.

• A system which is not linear is said to be nonlinear.

2.2 Memoryless/With Memory

• A system is said to be memoryless if the value of the output signal at
any time depends only on the value of the input signal at that time,
i.e., if x is the input and y the output, then y(t0) depends only on x(t0)
for any t0.

• A system is said to have memory if it is not memoryless, i.e., a system
is said to have memory if the value of the output signal at some time
depends on the values of the input signal at other time instants also.

2.3 Causal/Noncausal

• A system is said to be causal if y(t0), i.e., the value of the output signal
at time t0, does not depend on the values of the input signal at any
time instants t > t0, i.e., the value of the output signal at any time
does not depend on future values of the input signal.

• Equivalently, a system is said to be causal if the following property
holds:
If x1(t) 7→ y1(t) and x2(t) 7→ y2(t), and if x1(t) = x2(t) for all t ≤ t0,
then y1(t) = y2(t) for all t ≤ t0.

• A system which is not causal is said to be noncausal.

2.4 Time Invariant/Time Varying

• A system is said to be time invariant if the following property holds:
If x(t) 7→ y(t), then x(t − t0) 7→ y(t − t0) for any t0.
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• A system which is not time invariant is said to be time varying.

• Time invariance of a system essentially means that if the input signal
is shifted, then the output signal is also shifted by the same amount.

If a system is both linear (L) and time-invariant (TI), then it is said to
be LTI. We will mainly focus on LTI systems.

2.5 Examples

The following examples illustrate the concepts of linearity, causality, and
time invariance.

1. y(t) = tx2(t): nonlinear, causal, time varying

2. y(t) =
∫ 0
−1 x(t + τ)dτ : linear, causal, time invariant

3. ẏ(t) = x(t): linear, causal, time invariant

4. ÿ(t) + ẏ(t) = sin(x(t)): nonlinear, causal, time invariant

Exercise: Verify the properties (linearity, causality, time invariance) shown
in the examples above by using the definitions of linearity, causality, and
time invariance.

3 Unit Impulse and Unit Step

3.1 Definitions of Unit Impulse and Unit Step

• Definition of Unit Impulse: The unit impulse signal δ(t) is defined
to be a signal satisfying the following properties:

1. δ(0) = ∞

2. δ(t) = 0 for t 6= 0

3. area under the δ(t) curve is 1, i.e.,
∫

∞

−∞
δ(t)dt = 1.

The unit impulse is also referred to as a Dirac delta function.
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• Definition of Unit Step: The unit step signal u(t) is defined to be

u(t) =











1 for t > 0
1
2

for t = 0
0 for t < 0.

(1)

Another commonly used definition of the unit step is

u(t) =

{

1 for t ≥ 0
0 for t < 0.

(2)

The definitions (1) and (2) differ at the single point t = 0. For a
continuous-time signal, the value at a single point is not significant
since the area under a single point is zero. So, for all practical purposes,
the definitions (1) and (2) are identical. We will use the definition (1)
most of the time.

3.2 Approximating The Unit Impulse

The unit impulse can be approximated by a thin and tall rectangular function
as shown in Figure 1. In the limit as M → ∞, the thin and tall rectangular
function approaches the unit impulse. Pictorially, the unit impulse is shown
using a vertical arrow as shown in Figure 2.

Figure 1: Approximation of the unit impulse using a thin and tall rectangular
function.
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Figure 2: Pictorial notation for the unit impulse.

3.3 Properties of Unit Impulse and Unit Step

• δ(t) = δ(−t), i.e., the unit impulse is symmetric about t = 0

• Sampling Property of the Unit Impulse: x(t)δ(t−t0) = x(t0)δ(t−
t0), i.e., multiplication of a signal with a unit impulse shifted by time
t0 results in the signal being sampled at time t0.

Proof: The sampling property can be proved by noting that x(t)δ(t−t0)
is ∞ at t = t0 and zero for all other values of t and that the integral of
x(t)δ(t − t0) is x(t0), i.e.,

∫

∞

−∞
x(t)δ(t − t0)dt = x(t0).

• Unit impulse is the derivative of the unit step, i.e., δ(t) = du(t)
dt

.

Proof: The signal u(t) is a constant for both t < 0 and t > 0 and has
a discontinuity at t = 0. Hence, the derivative of u(t) is zero for t < 0
and t > 0 and is ∞ for t = 0. Furthermore, the area under the curve
du(t)

dt
is

∫

∞

−∞

du(t)
dt

dt = u(∞) − u(−∞) = 1. Hence, the derivative of the
unit step satisfies all the three properties in the definition of the unit
impulse. Therefore, the derivative of the unit step is the unit impulse.

• Unit step is the integral of the unit impulse, i.e., u(t) =
∫ t
−∞

δ(t)dt.

Proof: If t < 0,
∫ t
−∞

δ(t)dt is zero since δ(t) = 0 for all t 6= 0. If
t > 0,

∫ t
−∞

δ(t)dt is 1 since the area under δ(t) is 1. If t = 0, we have
∫ t
−∞

δ(t)dt =
∫ 0
−∞

δ(t)dt = 1
2

since it includes, in a sense, half of the unit
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impulse (Recall the approximation of δ(t) by a thin and tall rectangle;
∫ 0
−∞

δ(t)dt would only include half of the rectangle). Hence,
∫ t
−∞

δ(t)dt

is zero for t < 0, 1 for t > 0, and 1
2

for t = 0, i.e., the integral of the
unit impulse is the unit step.

4 Impulse Response and Step Response

• The output signal of a system when the input signal is the unit impulse
is called the impulse response of the system. The impulse response is
usually denoted by h(t).

• The output signal of a system when the input signal is the unit step is
called the step response of the system. We will sometimes use the nota-
tion s(t) for the step response. However, this notation is not standard
(different textbooks use different notations).

• A system is causal if and only if the impulse response is zero for t < 0,
i.e., if h(t) = 0 for all t < 0. This can be understood from the fact that
a causal system should not respond to the unit impulse before the unit
impulse is applied which means that the impulse response should be 0
for all t < 0.

• Relation Between Impulse Response and Step Response: We
saw earlier that δ(t) = du(t)

dt
and u(t) =

∫ t
−∞

δ(t)dt. For an LTI system,

this means that h(t) = ds(t)
dt

and s(t) =
∫ t
−∞

h(t)dt. Hence, given the
impulse response, we can find the step response by integrating the
impulse response. Given the step response, we can find the impulse
response by differentiating the step response.

Example: If the step response of an LTI system is given to be e−tu(t),
then the impulse response is h(t) = −e−tu(t) + e−tδ(t).

5 Convolution

As in the discrete-time case, any signal can be represented in terms of a
combination of scaled and shifted unit impulses. Hence, by knowing the
impulse response, we can compute the output signal for any given input
signal.
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5.1 Representing a signal as a combination of unit im-
pulses

Given any signal x(t), we can write it as a combination of unit impulses as

x(t) =
∫

∞

−∞

x(τ)δ(t − τ)dτ. (3)

To prove (3), we first use the fact that the δ function is symmetric to replace
δ(t − τ) by δ(τ − t). Hence,

∫

∞

−∞

x(τ)δ(t − τ)dτ =
∫

∞

−∞

x(τ)δ(τ − t)dτ. (4)

By the sampling property of the unit impulse, we know that x(τ)δ(τ − t) =
x(t)δ(τ − t). Hence,

∫

∞

−∞

x(τ)δ(t − τ)dτ =
∫

∞

−∞

x(t)δ(τ − t)dτ

= x(t)
∫

∞

−∞

δ(τ − t)dτ

= x(t). (5)

This proves (3).

5.2 Computing the Output Signal of an LTI System

Given any input signal x(t), we have shown in (3) that we can write x(t) as a
combination of unit impulses. If the impulse response of the system is given
to be h(t), then, from (3) using linearity and time invariance, the output
signal is

y(t) =
∫

∞

−∞

x(τ)h(t − τ)dτ. (6)

It is easy to see from (6) that the value of the output signal at any time t0
does not depend on the value of the input signal at times t > t0 if h(t) = 0
for t < 0. Hence, as stated above, the system is causal if and only if h(t) = 0
for t < 0.
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The right hand side of (6) is called the convolution of the signals x(t) and
h(t). In general, given any two continuous-time signals x1(t) and x2(t), the
convolution of x1(t) and x2(t) is defined as

x1(t) ∗ x2(t) =
∫

∞

−∞

x1(τ)x2(t − τ)dτ. (7)

Example: If the impulse response of a system is given to be u(t) and if the
input signal is eαtu(t), then the output signal is

y(t) =
∫

∞

−∞

eατu(τ)u(t − τ)dτ. (8)

Note that u(τ) is zero for τ < 0 and u(t − τ) is zero for τ > t. Hence, if
t < 0, the product of u(τ) and u(t− τ) is zero for all values of τ . Therefore,
y(t) = 0 for all t < 0. If t > 0, the limits of integration in the right hand side
of (8) can be reduced to 0 and t so that

y(t) =
∫ t

0
eατdτ if t ≥ 0

=
eαt − 1

α
if t ≥ 0. (9)

Since y(t) = 0 for t < 0 and y(t) = eαt
−1

α
for t ≥ 0, we have

y(t) =
eαt − 1

α
u(t). (10)

5.3 Properties of Convolution

• Commutative: x1(t) ∗ x2(t) = x2(t) ∗ x1(t)

• Associative: x1(t) ∗ (x2(t) ∗ x3(t)) = (x1(t) ∗ x2(t)) ∗ x3(t)

• Distributive: x1(t) ∗ (x2(t) + x3(t)) = x1(t) ∗ x2(t) + x1(t) ∗ x3(t)

• The commutative, associative, and distributive properties of convolu-
tion can be used to analyze cascade and parallel interconnections of
systems. For instance, if two systems with impulse responses h1(t) and
h2(t), respectively, are connected in cascade, then from an input-output
perspective, the cascade is equivalent to an overall system with impulse
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response h1(t) ∗ h2(t). Since h1(t) ∗ h2(t) = h2(t) ∗ h1(t), the order of
systems in the cascade combination can be changed without affecting
the overall system. Similarly, a parallel combination of two systems
with impulse responses h1(t) and h2(t), respectively, is equivalent from
an input-output perspective to an overall system with impulse response
h1(t) + h2(t).

• Convolution with a shifted unit impulse results in a time shift
of the original signal, i.e., x(t) ∗ δ(t − t0) = x(t − t0)

Proof: To prove this property, apply the definition of convolution to
evaluate x(t) ∗ δ(t− t0) and use the symmetry of the unit impulse and
the sampling property of the unit impulse as follows:

x(t) ∗ δ(t − t0) =
∫

∞

−∞

x(τ)δ(t − t0 − τ)dτ

=
∫

∞

−∞

x(τ)δ(τ − (t − t0))dτ

=
∫

∞

−∞

x(t − t0)δ(τ − (t − t0))dτ

= x(t − t0)
∫

∞

−∞

δ(τ − (t − t0))dτ

= x(t − t0). (11)

6 BIBO Stability

A system is said to be Bounded Input Bounded Output (BIBO) stable if any
bounded input signal produces a bounded output signal, i.e., a system is said
to be BIBO stable if the following is true:
If a positive constant Mx exists such that

|x(t)| ≤ Mx for all t, (12)

then a positive constant My exists such that

|y(t)| ≤ My for all t. (13)

The condition for BIBO stability can be derived as follows. If x(t) satisfies
the bound (12), then

|y(t)| = |
∫

∞

−∞

h(τ)x(t − τ)dτ |

9



≤ Mx|
∫

∞

−∞

h(τ)dτ |

≤ Mx

∫

∞

−∞

|h(τ)|dτ. (14)

Hence, if
∫

∞

−∞
|h(τ)|dτ is finite, then the bound (13) is satisfied with

My = Mx

∫

∞

−∞

|h(τ)|dτ (15)

A continuous-time LTI system with impulse response h(t) is BIBO stable
if and only if

∫

∞

−∞
|h(τ)|dτ < ∞.

The condition that
∫

∞

−∞
|h(τ)|dτ < ∞ is equivalent to saying that h(t) must

be absolutely integrable.

Example: Consider the system with the input-output relation

y(t) =
∫ t

t−1
x(τ)dτ. (16)

The output of this system is basically the area under the x(t) curve from
t − 1 to t. First, let us find the impulse response which, from (16), is given
by

h(t) =
∫ t

t−1
δ(τ)dτ. (17)

If t > 1, the interval [t − 1, t] does not include 0 implying, from (17), that
h(t) = 0 for t > 1. Similarly, if t < 0, the interval [t − 1, t] does not include
0 so that h(t) = 0 for t < 0. If t is bigger than 0 but smaller than 1, then
the interval [t − 1, t] includes 0 so that h(t) = 1 if t ∈ (0, 1). If t is exactly 0
or 1, then, from (17), h(t) is 1

2
since the integral in (17) would include only

half of the unit impulse. Therefore,

h(t) =











1 if t ∈ (0, 1)
1
2

if t = 0 or t = 1
0 if t > 1 or t < 0.

(18)

Since h(t) = 0 for t < 0, this system is causal. Also,
∫

∞

−∞
|h(τ)|dτ = 1

implying that the system is BIBO stable.
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