
Discrete-Time Signals and Systems

1 Preliminaries

• Notation for a discrete-time signal: x[n]

• If the discrete-time signal is obtained by taking samples of a continuous-

time signal, then x[n]
4
= x(nTs). Ts is called the “sampling period”, i.e.,

the amount of time between two samples.

• Signals need not necessarily be functions of time. E.g., position-dependent
signals. However, for convenience, we will talk of signals as if they are
time-based signals. But, keep in mind that the underlying set over
which the signal is defined need not necessarily be time.

• A system is anything that manipulates signals. A system has inputs
and outputs. Inputs and outputs can be any combination of continuous-
time and discrete-time in general. In this course, we will usually talk
of systems with one input and one output. In the first part of the
course, we will consider systems in which both the input and output
are discrete-time. Then, we will consider systems with both the input
and output being continuous-time. At the end of the semester, we will
see some systems with continuous-time input and discrete-time output
and vice versa.

• Notation: If x is the input to a system T and y the corresponding out-
put, then we use one of the following notations to express the relation
between x and y:

1. x[n] 7→ y[n]

2. y[n] = T{x[n]}
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2 Classification of Systems

2.1 Linear/Nonlinear

• A system is said to be linear if the following two properties hold:

1. If x[n] 7→ y[n], then αx[n] 7→ αy[n] for any real number α.

2. If x1[n] 7→ y1[n] and x2[n] 7→ y2[n], then (x1[n]+x2[n]) 7→ (y1[n]+
y2[n]).

• Equivalently, a system is said to be linear if the following property
holds:
If x1[n] 7→ y1[n] and x2[n] 7→ y2[n], then (αx1[n] + βx2[n]) 7→ (αy1[n] +
βy2[n]) for any real numbers α and β.

• A system which is not linear is said to be nonlinear.

2.2 Memoryless/With Memory

• A system is said to be memoryless if the value of the output signal at
any time depends only on the value of the input signal at that time,
i.e., if x is the input and y the output, then y[n0] depends only on x[n0]
for any n0.

• A system is said to have memory if it is not memoryless, i.e., a system
is said to have memory if the value of the output signal at some time
depends on the values of the input signal at other time instants also.

2.3 Causal/Noncausal

• A system is said to be causal if y[n0], i.e., the value of the output signal
at time n0, does not depend on the values of the input signal at any
time instants n > n0, i.e., the value of the output signal at any time
does not depend on future values of the input signal.
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• Equivalently, a system is said to be causal if the following property
holds:
If x1[n] 7→ y1[n] and x2[n] 7→ y2[n], and if x1[n] = x2[n] for all n ≤ n0,
then y1[n] = y2[n] for all n ≤ n0.

• A system which is not causal is said to be noncausal.

2.4 Time Invariant/Time Varying

• A system is said to be time invariant if the following property holds:
If x[n] 7→ y[n], then x[n − n0] 7→ y[n − n0] for any integer n0.

• A system which is not time invariant is said to be time varying.

• Time invariance of a system essentially means that if the input signal
is shifted, then the output signal is also shifted by the same amount.

If a system is both linear (L) and time-invariant (TI), then it is said to
be LTI.

3 Examples

1. y[n] = x[n] + x[n − 1]: linear, causal, time invariant

2. y[n] = x[n] + nx[n − 1]: linear, causal, time varying

3. y[n] = (x[n])2: nonlinear, causal, time invariant

4. y[n] = sin(x[n + 1]): nonlinear, noncausal, time invariant

The classifications of the examples listed above can be proved using the
definitions of linearity, causality, and time invariance. For instance, to prove
that the second example above is not time invariant, consider the shifted

input x1[n]
4
= x[n − 1]. If the output signal when x1[n] is the input signal
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to the system is y1[n], then, by the input-output definition of the system, we
have

y1[n] = x1[n] + nx1[n − 1]. (1)

Since x1[n] = x[n − 1], (1) can be rewritten as

y1[n] = x[n − 1] + nx[n − 2]. (2)

Hence, y1[n] 6= y[n − 1] since

y[n − 1] = x[n − 1] + (n − 1)x[n − 2]. (3)

Thus, a shifted input does not result in a correspondingly shifted output.
Hence, the system in the second example above is not time invariant.

Exercise: Verify the rest of the properties in the examples above by using
the definitions of linearity, causality, and time invariance.
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