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ABSTRACT

If the space 4) (the finite sequences) is equipped with the norm which is
naturally induced by a positive definite Hermitian and diagonally blockwise constructed
matrix, then an HK completion exists.

1. 	 Preliminaries:

An HK space is a Hilbert space of sequences on which
coordinate projections are all continuous.

An FK space is a linear topological space of sequences which
is a locally convex Frechet space with continuous coordinate projec-
tions.

A BK space is the special case of the foregoing in which the
Frechet space is a Banach space.
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An AD space is an FK space in which 4) is dense.

Throughout this paper, 4) will stand for the collection of all
complex sequences, C for the complex numbers, and Q 2 will denote the
space of all members of 6) which are square summable:
i.e. e= fx e 	 / E 	 = IIx 112e < 4)).

Let, for n = 1,2,..., en be the sequence defined a..

e = 	 1 	 if n = k

	o	 otherwise, and finally, let M be th:-.
infinite matrices A = (ati) which are Hermitian 	 CiniL

For x = E xr ek e4) and A e M, define the norm 11 x
k= I

induced by A as :

n n
	IIx VA=

	 E xi aij

i=1 j=1

This, of course, makes (4), II • IL) a normed sequence space: In this
paper, we present sufficient conditions for this space to have an HK
completion.
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2.	 The continuity of coordinate projections:

For n = 1,2,..., we define the nth coordinate projection P. as :
P. (x) = 	 (x e a)).

With A e M, the HK definition requires that P. be continuous
on 4,11 • 11 A) for each n. One needs the following.

2.1 Continuity Criterion (ill , 4.0.3): If X is a linear topological
space with topology determined by a family P of seminorms, then the
linear functional f is continuous on X iff there exists an s > o and q 1 ,
q2, qa selected from P such that

n
1f(x)1 s s 	 qk (x) for all x e X.

k= 1

In the present setting , P 	 11 • 11A i; and the following example
shows a case where P I is not continuous on (4), 11 • 11A)•

2.2 Example :

For each n, let En = x e w : x k = o for all k > n). Consider the
matrix A = (au) where :

1 if i=j=1
5 if i=j>1

- 2 if 1 i-j 1= 1
0 elsewhere.
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A is clearly Hermitian. As for the positive definiteness:
Let x o be an arbitrary element in En. We may assume that ; o.

• x* A x

• Ix, - 2x2 , 	 + 5x2 - 2x3, - 2x2 + 5x 3 -2x4 ,
5xJx.

i 	 1
X 1

2
I - 2X 1 X2 	2X. / X2 -+ 5 1X21 2 2X2X3 2x 2X3 +

5 1x31 2 - 	 517(n-112 -2x. 	 - 2Xn Ix. 	 5 1x.1 2 .

1x 1 1 2 -2X 1 X2 - 2X 1 X,2— + 5 	 2X2TC3 - 	 +

5 1 X31 2 	•••	 51Xu-112 -2Xn-1J4 - 2 Xn1K -+ 3 ix, 2 '

• (Ix11 2 - 4Re(x 1i2) 	 4 1x21 21 4 (Ix21 2

+ 4Ix31 2)+ ..• (1;11 2 - 4Re(xt,-;30 '

1x 1 -2x2 1 2

• 

1x2-2x3 1 2 	x„ 1 -2 	 Ixao
>o

Therefore, A e M.

For k ^ 2, choose ; = xk-1 to get ; = x i , and no one has:
2 	 2n-1

II x 11A2 = 1x_01 2

= 1x 1 1 2 , or:
22.2

I X l 
2 = 2n 2— 2 	 II x 2

11A •
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Now, (2.1) implies that P 1 is not continuous on (4), II • li p)

We now proceed to establish sufficient conditions for coordi-

nate projections to be continuous. We first make the

2.3 Lemma : 

For the nxn positive definite matrix A, let = min {A k : Ak is

an eigen value of A). It is then known that, for x e 	 ,

n
x*A x	 x II where II x = E I xk 1 2 .

k=1

Proof: Let U be a unitary matrix which diagonalizes A. Let x = Uy

for some y e En.

Now, x* A x = y* AUy
= y* Dy

= E Xk lyk 1 2 where D = diag (A 1 , 12 ,	 ,

k= 1

since U is unitary, II x II = y ll and so the assertion follows.	 I/
with this at hand, it is now possible to prove.

2.4 Theorem :

If A e M has the form A = diag (A l , A2, ...) where, for each k,
Ak is an Sk X Sk matrix, then for each n = 1,2, ... P. is continuous on
(4), II • HA)•
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Proof : It is clear that, for each k, A k is Hermetian and positive
definite.

For each k, define the matrix Ai; = diag (Ak, o,o, ..), and the
matrix Bk = diag (A 1 , A2 , ..., Ak, 0, 0, ...).

Fix n, let 7 = min {1 1 :4 is an eigen value of B,), and for x e 4)
let x be as in (2.3).

Now, I x. 	 s II x

2
� 1 	 x lip n by (2.3)

A

= 1 E 11x11,2,
k=1

00

2
� 1 	 E iI x IIA ,

k=1 	 k

2
= 1 	 II x IIA

A

By (2.1), P. is continuous on (4), II • HA).

It is now our objective to show that this matrix diagonal
blockwise construction also solves the existence problem. The existing
completions are to be shown unique and of desired form.
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As for the uniqueness question, the next well-known lemma
takes care of it.

2.5 Lemma : let X and Y be two BK spaces. If S is a dense
subspace of X and of Y such that II x x Il y for all x e S, then
X = Y.

Proof : Let x e X be arbitrary. Choose a sequence De) c S with
x. ----> x in X. The sequence lei is then a Cauchy sequence in X
and so, for all e > o there exists a positive integer N for which
II xm -x. II x < e whenever m,n a N. But this says that 11 xm-x" Il y < e
for all m,n a N. Therefore, fx.) is Cachy in Y, hence converges to
some y e Y.

Now, 	 x e X; so, for each k, 	 )(i, (in C). Also,
xn ---> y e Y; so, for each k,x° k ---> yi( (in C), implying that x = y,
thus X c Y. //

Luckily enough, inner product spaces transfer their inner
products to their completions. But the problem is that a completion
of a specific type may not exist, and this is actually the existence
problem being considered here.

2.6 Proposition : Let (X, <., .>) be an inner product space, and K
a completion of X, then K is an inner product space.

Proof : First of all, one has to note that a completion always exists.
Take for example the closure of X in its second dual under the
canonical embedding.

For x, y e K, define :
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< x,y > = 111.im..< 	 >x where, (x°) c X, ly°1 X are two

sequences converging respectively, to x, and y. This inner product is
well defined., indeed;

< 	 y'n> - < xn, 	 > I =< 	 >+<Xmey">-<xm
yn > - < x°, yn > i s I < 	 > - < 	 > I+

< xn, y° > - < x`n yn >
II II y'n 	 yn II + II y° II II xm-x° II ---> 0

So the sequence (< x°, y" >1 is a Cachy sequence in C, hence
converges to a unique limit. //

As it was remarked earlier, turning 4) into an inner product
space does not necessarily force an FK completion to exist. The
following example shows this claim.

2.7 Example : Suppose that A e M makes coordinate projections
continuous on (4), II • HO. For x e 4), let.

II x II = 	 x II2A + I f(x)1 2) 1P where f is a non-
continuous linear functional on (4), • II A)• [f exists since 4) is infinite
dimensional; see example 3.3.14 01 421 J. We claim that the space (4),
H . II) is an inner product space which is continuously embedded in 6),
but has no FK completion.

To prove, we need the following

2.8 Lemma : (special case of theorem 3.11 p. 80 01 131):
Let X be a linear metric space of sequences on which P. is continuous
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for all n. Then X has an FK completion iff for every Cauchy
sequence { x°) c X which converges to zero pointwise, we have

---> 0 in X.
We can now prove our claim.

Note first that the norm . 11 is given by the inner product
< x,Y = < ;CY 'A f(x) f(Y).

Define the matrix B = (ba) as:
bak = < e, ek >

So, the norm 11 • II = 11 • IIB•
Now, (41, II . 1IB) is continuously embedded in 6.) (Fix n, and let

x e 4 be arbitrary.
lx.I s s II X [1 1, for some s> o by (2.1)

ssllx6 by the construction of II . 61.
But (4) U . 11B) has no FK completion [The set lx e 	 : f(x) = 1) is
dense in (4), II . HA by example (3.2) page (81) of EU]. Therefore, there
exists a sequence fe) c 4) with f(f) = 1 for all n, and

11 )0I1 A --> o

Finally, {xi is Cauchy in ((,	 163) since, II xm - xn UB
(11 xm - xn11 2A + If(xm - xn)1 2) 112 = II xm - X° UA, x° ---> o in 4), but
II e II ---> 1 'so. Our claim now follows from lemma 2.8. 	 //

Turning to the existence problem; it is essential to recall the
following.
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2.9 Remarks :

(a) (141 , 7.1.3) : A finite dimensional inner product space is
a Hilbert space.

(b) (151 , page 80) : If (4,) is a sequence of Hilbert
spaces, then the direct sum e. H. is the Hilbert space H of all
sequences If : e H.) such that the sequence 10061 c e2.
Addition, scalar multiplanation and inner product are defined on H as
follows:

For x = {e} , y = fy° 1 eH, and for a e C,
define 	 x + y = {xn + ya },

a x= fa el and
< x, Y >H = 	 < Xn sYn > lin*

Consider the matrix • A of (2.4)
For each n, let:

n
r. = E S r,

k=1

= Ix e 4): xk = o for all k except, possibly, for r.4 < k < Ira!,
A. diag (0.0, ... ) where the zero-block appears
(ro_ 1) - times before the block Ali, and let H. = (4)., .

By remark (2.9), H is a Hilbert space of sequences, and by its
very construction, H has AD.
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With all this at hand, theorem (2.4), now, easily and clearly
implies the

2.10 Theorem (main result) :

Suppose that A is an infinite matrix which is Hermitian and
positive definite. If A has the form

A = diag (A„ A2, ... ) where, for each A. is an 	 x S.
matrix, then the normed sequence space (4), II 	 IIA) has an HK
completion wich has the AD property.

Proof : Done already. 	 /I
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