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The energy spectrum of two interacting electrons, confined in a parabolic
quantum dot, presented in a magnetic field is obtained. We have analyzed
the energy level crossings between spin-singlet and spin-triplet states. The
influence of the quantum dot size on these crossings is also shown. The results
of our calculations seem to be in good agreement with analytical and exact
numerical data.

PACS numbers: 73.20.Dx

1. Introduction

Quasi-zero-dimensional systems, such as quantum dots (QDs), have been the
subject of intense research in recent years, due to the nanofabrication techniques
that make possible the realization of systems of very small dimensions comparable
to the de Broglie wavelength of carriers. In such small structures the dynamics of
electrons is fully quantized into a discrete spectrum of energy levels. The confine-
ment in z-direction, which is the growth direction, is assumed to be stronger than
in the zy-plane, so that the dot can be viewed as a two-dimensional disk. Different
experimental [1-5] and theoretical [8-20] methods have been used to investigate
the energy spectrum and the correlation effects of the interacting electrons con-
fined in quantum dots under the effect of an applied magnetic field. One of the
most interesting features of the electron correlation is the change of the spin and
angular momenta structures in the ground state of those systems in the presence
of the magnetic field. The singlet—triplet electron transition that occurs in the
two-electron parabolic quantum dot is a simple case but not a trivial one and has
recently received much attention [14-17].

In this work we shall study the spectroscopic properties of the two-electron
quantum dot using a different approach, namely the shifted 1/D expansion method,
where D is the number of spatial dimensions. We progress in two steps: firstly, we
used the shifted 1/D expansion to produce an analytical energy expression for
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two interacting electrons confined in a quantum dot in the presence of a magnetic
field of arbitrary strength. Secondly, we focus on the spin and angular momenta
transitions and give explanation to these phenomena, which occur in the spectra
by making use of the energy expression we have obtained. The results of this work
are outlined in the following sections. In Sec. 2 we present the Hamiltonian theory
for two interacting electrons parabolically confined in quantum dot and obtain the
eigenenergy expression using the 1/D expansion method. In Sec. 3 we present our
computed results and explanation to the singlet-triplet transition. The conclusion
is given in the final section.

2. Model

The effective-mass Hamiltonian, H, for two interacting electrons, paraboli-
cally confined in a quantum dot, in the presence of a perpendicular magnetic field
applied parallel to the z-axis is given as
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L? and S;, stand for the z-components of the orbital angular momentum and spin
of each electron, up = eh/2m*, ¢*, w. = eB/m*c, and € are the Bohr magnetan,
Lande factor, the cyclotron frequency, and the dielectric constant of the medium,
respectively. The frequency w depends on the magnetic field B and the confinement
frequency wp and is given as

o\ 1/2
w= (wg + “’T) . ()

Upon introducing the center of mass (cm) B = (71 + 72)/+/2 and the relative
coordinates 7 = (r; — 72)/+/2, the Hamiltonian in Eq. (1) decoupled to the cm
motion Hamiltonian
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and the relative motion Hamiltonian
H, = — B V2 4+ l771,"‘(.4.)27'2 + hwe LT+ —-—62 (4)
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Equation (3) describes the Hamiltonian of the harmonic oscillator with well
known eigenenergies

Brmmenm = (20cm + [mem| + 1) hw + h—;)c‘mcm, (5)
labelled by the radial (nem =0,1,2,...) and the azimuthal (mcm = 0,+1,42,...)
quantum numbers. Antisymmetrization of the two-electron wave function requires
that even m states are singlets and odd m states are triplets with the Zeeman
energy term Egpin = ¢g*ppBS, and the total spin S, = [1 — (—1)™]/2 each rep-
resenting a good quantum number for the system. The Zeeman energy is very
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small for QD made from GaAs (¢* = —0.44, m* = 0.067m,) in an applied mag-
netic field of practical strength ~ 10 T. However, the oscillations of the spin make
the spectra of the quantum dot more rich. The total energy states of the Hamil-
tonian E = Eg(nem, Mem) + Er(ny,m) + Egin(S;) are labelled by the cm and
relative quantum numbers |nem, Mcm; nr, m). The problem is reduced to obtaining
the eigenenergies Ey,, » of the relative motion Hamiltonian. The eigenenergies are
obtained by the help of the 1/D expansion method. In D spatial dimensions the
radial Schrédinger equation for the effective potential V(r) = ﬁré + 2w2r? 4 mYs
becomes '

R L [ ST

where k = D +2m—a and a is the shift parameter. Following the previous work of
the shifted 1/D expansion method [21-24], we give here only the energy expression
which is needed to calculate the spectra of H,. The energy expression then reads as

k2 1 J1-a)B8—-a) oz
@ V2. 1a, e
Eylm ~ -+ Yo +m 5 (8)
a=2-22n, + w, 9)
L V' (ro) 1/2
o= [3 + TOW (10)
and the roots ry are determined through the relation
263V (r0)] '/ = 2+ 2|m]| — a. (11)

The explicit forms of the parameters &1 and a3 are given in the Appendix in
terms of n,,®, ro, and a. Once the roots ry for a particular quantum state |n,,m)
and the confining frequency w are calculated, the task of computing the energy
using Eq. (7) is relatively simple.

3. Results

Our numerical results are computed for QD made of GaAs|AlGaAs and
presented in Figs. 1-3 and Tables I-V. In Fig. 1 we have shown the energies of
the states |0,0;0,m), m = 0,—1,—2, ... for two interacting electrons parabolically
confined in the quantum dot of size £ = 3a* as a function of the ratio wc/wo. The
numerical results for the states m = 0, —1, —5, —7 are also given in Table I for the
sake of comparison.

As the ratio we/wo increases, the energy of the state m = 0 increases while
the energies of the states with non-vanishing azimuthal quantum number m de-
creases, thus leading to a sequence of different ground states. The transition in the
m-quantum number is accompanied by a flip in the spin of the state to keep the
wave function of the electron state totally antisymmetric in accordance with Pauli
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Fig. 1. The total energies of the states |0,0;0,m),m = 0,-1,-2,...,-10 for two
interacting electrons, parabolically confined in the QD of size £ = 3a* and g* = —0.44.
For GaAs a* = 98.7 A and R* = 5.83 meV ( singlet states; ~ — — triplet states).

TABLE I

The energies of the relative states |0,m),m =
0,—1,~5,—7 for the quantum dot size £ = 3a*
calculated at different values of wc/wo by the 1/D
method. Energies are in R*.

wefwo [m=0|m==1|m=-5|m=-7
0.2 0.953 1.013 1.655 2.02
0.5 | 0973 | 1.002 1.528 1.845
1.0 1.040 1.002 1.397 1.641
1.4 | 1.115 | 1.065 1.341 1.540
1.195 1.126 1.327 1.491
1.256 | 1.162 1.330 1.481
1.531 1.324 1.405 1.499
1.827 1.613 1.557 1.617
2.130 1.865 1.741 1.777
2,524 | 2441 3.578 4.264
2.834 | 2.762 4.075 4.857
3.141 | 3.083 4.578 5.561
3.444 | 3.403 5.084 6.068
3.745 | 3.722 5.592 6.680

—_ —
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exclusion principle. We observed from Fig. 1 that the first transition (m :0 — ~1,
s:1—0) occurs at we/wo ~ 0.6 and the second one (m: =1 — —2, s:0 — 1) at
we/wo = 1.8. For the fixed value of £y = (h/m*wg)llz, equivalently wg, the second
transition occurs at a higher w,/w ratio. These results are in agreement with those
reported in Ref. [15]. The ground state of the interacting electrons confined in the
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quantum dot due to this transition, changes its angular momentum (m) and its
spin (s) quantum numbers as shown in the figures.

The transition phenomena can be understood from the competition between
Coulomb and magneto-confining energies which appears in Eq. (8). The major

contribution (~ 50%) to the relative energy E,, m of the system comes from the
first term, namely,

_ \/5 We
= 5

The roots of ry are calculated for all the quantum states |0,0;0,m),
m=0,-1,-2,-3,... at different values of the ratio w./wg. Various values for the
roots are given for we/wo = 0.2,2,5 in TableII. The dependence of the roots on |m)|
is shown both numerically (from Table III) and analytically (from Eq. (2)). As it is
clearly seen from Table I, the roots r¢ increase as |m| decreases and thus the e—e

+ 4lw2r§ +m

TABLE 11
The values of the roots of ro calculated for quan-
tum states |0,m), m = 0,-1,-2,...,-10, for

£ = 3a* and different values of wc/wp ratio.

|0, m) wefwo =0.2 | we/wo =2 | wefwo =5
|0, 0) 4.322 3.692 2.504
0, —1) 5.130 4.222 2.943
0, —2) 5.784 4.801 3.398
0, —3) 6.429 5.363 3.398
|0, —4) 7.041 5.890 4.220
|0, —5) 7.618 6.384 4.586
|0, —6) 8.162 6.847 4.929
0, =7) 8.676 7.285 5.250
10,-8) 9.165 7.700 5.555
|0, —9) 9.631 8.096 5.844
|0,-10) |  10.077 8.473 6.120

TABLE III

Numerical analysis for the electron-electron and magneto-confining energy
terms for the first and the second transitions which occur in the ground states
of the parabolic quantum dot size £y = 3a*.

m| we/2 | wefwo w ro | V2/ro | tw?r | E© E
0100667 0.6 |0.2320|4.1250 | 0.3428 | 0.2289 | 0.5717 | 1.1030
-1]0.0667| 0.6 |0.2320 |4.7950 | 0.2949 | 0.3093 | 0.6042 | 1.0201

-1 1 0.2000 | 1.8000 | 0.2989 | 4.3440 | 0.3255 | 0.4214 | 0.7469 | 1.1264
-2 1 0.2000 | 1.8000 | 0.2989 | 4.9340 | 0.2866 | 0.5437 | 0.8303 | 1.1387
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interaction energy, Ve—e(ro, m) = v/2/ro(m), decreases showing its dependence on
the azimuthal quantum number. On the other hand, the magneto-confining energy
term tw?r§ increases. For the particular relative state |0, m) and fixed £ ~ wo, the
roots ry decrease as we increase the strength of the magnetic field ~ wgy and so
the electron-electron interaction energy ~ rlT, for this state enhances. As we sweep
the magnetic field more, the e-e energy increases and thus the electron jumps to
the next state with a higher angular momentum m, equivalently, larger root of rg
and thus the e—e energy in the new state tends to a decrease.

To understand how the second transition occurs at a higher magnetic field
comparable to the first transition, we must look to Table III. This shows quantita-
tively how the competition between the e—e interaction energy and the confinement
energy occurs for m = 0, —1, —2 states. These are calculated at the transition ra-
tios we/wo = 0.5 and 1.9. Concerning the first transition: the Coulomb energy

decreases by 0.04779 whilst the quantum state changes from m = 0 to -1. On
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Fig. 2. The total energies of the states m = —1 and -2 for two interacting electrons,

parabolically confined in quantum dots of sizes: (a) o = 2a*, (b) £ = 3a*, (c) £o = 4a*

(————m=—1, m=—2),
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the other hand, the magneto-confining energy increases by 0.0804. In the second
transition: the interaction energy decreases by 0.0389 whilst the magneto-confining
energy increases by 0.1223. The enhancement in the magneto-confining energy cor-
responds to an increase in the effective frequency w = [(we/2wo)? + 1]1/2wq. For

the particular quantum dot size £ = (h/m*wo)l/ 2. this means that the applied
magnetic field should be high in order the second transition to be observed.

We have plotted, in Fig. 2 and also listed in Table IV the calculated energies
of the states m = —1 and -2 as a function of the ratio w./wg for quantum dots

TABLE IV

The energies of the relative states m = 0,—1,—2
calculated for quantum dot of various sizes: £y =
3a* and 4a*. The stars show the wc/wo ratio, where
the transition occurs and the arrows indicate the
corresponding energies of the quantum dot states:
0,0;0,—1) and {0,0;0,—2).

we/wo Lo = 2a* ly = 4a*
m=-1{m=-2|m=-1|m=-2
0.2 2.045 2.366 0.643 0.699
0.5 2.014 2.274 0.640 0.677
1.0 2.042 2.218 0.654 0.669
1.5% | 2.149 2.260 0.689 0.686
2.0 2.311 2.372 0.740 0.722
3.0 | 2.731 2.721 0.828 0.820
4 3.219 3.159 1.013 0.947
5 3.737 3.641 1.165 1.092

TABLE V

The energies of the states |nr, m; nem, Mem, s) calcu-
lated at ¥ = wc/2 = 1 by the 1/D expansion method
and numerical results Ref. [15].

|72, M; Nemy Mem, ) | Ref. [15] | (1/D expansion)

|0,1;0,0,1) 3.8278 3.7953
10,2;0,0,0) 4.6436 4.6432
10,3;0,0,1) 5.5174 5.56136
|0,2;0,1,0) 5.6436 5.6432

|0,4:0,0,0) 6.4693 6.4782
I1,2;0,0,0) 6.5956 6.5844
10,2;1,0,0) 6.6436 6.6432
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Fig. 3. (a) The total ground-state energy [0,0;0,0) for two interacting electrons in
a quantum dot of size £o = 3a* against the ratio wc/wo. (e @ ® present results,
Ref. [7]). (b) The eigenenergies of the states |0, 0;0, 0) (solid curve — exact, black circles
— present results) and |0,0;0,—1) (broken curve — exact; crosses — present results)
against the magnetic field for Awo =3 meV. The exact diagonalizations are taken from
Refs. [8, 11].

with different sizes £y = 2a*, 3a*, and 4a*. The figures clearly show the influence
of the dot sizes on the transition ratio. We found that the transition ratios occur
at 3, 1.9, and 1.5. Our results are also in agreement with Ref. [15]. In addition
to the qualitative agreement, in Table V we have compared our computed energy
spectra with those of Zhu et al. [15] calculated at ¥ = w./2 = 1. These tabulated
results also show very good quantitative agreement. In addition to this, we have
also compared our results with the exact ones given in Refs. [7, 8, 11]. Our results
displayed in Fig. 1, for g* = 0, matches the corresponding one in Fig. 1b of Ref. [7].
In Fig. 3a, b we have shown our results separately, for particular quantum states,
produced by the 1/D expansion method against the exact ones [8, 11]. The figures
show that our results agree very well with the numerical data.

4. Conclusion

We have used the shifted 1/D expansion method to calculate the spectra of
the parabolic quantum dot. The spin singlet-triplet transition, which occurs in the
ground state of the quantum dot, is explained. We have also shown the influence of
the quantum dot size on the transition ratios. Based on the calculated results, the
shifted 1/.D expansion method is an effective tool of producing and understanding
the spectral properties of the two-electron QD presented in a magnetic field of
arbitrary strength.

Appendix
The parameters a; and as, appeared in Eq. (7), are given as follows:

0 = [(1 + 2n,)ez + 3(1 + 2n, + 2n2)64]
—w ! €3 +6(1+ 2n,)ees + (11 + 30n, + 30n2)ed]
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oz = (1 + 2n,)dz + 3(1 + 21, + 2n2)ds + 5(3 + 8n, + 6n2 + 4n3)ds
—@7 (1 + 2n,)ed + 12(1 4 21, + 2n2)egeq + 2e1dy
+2(21 + 591, + 51n? + 34n)e2 + 6(1 + 2n,)e; ds
+30(1 + 2n, + 2n2)e1ds + 6(1 + 2n; )ead;
+2(11 + 30n, + 30n2)esds + 10(13 + 40n, + 42n2 + 28n2)esds]
+~2 [4eles + 36(1 + 2n,)ereses + 8(11 + 300, + 30n2)eqel
+24(1 + n,)edeq + 8(31 + 78n, + 78n2)esezeq
+12(57 + 189n, + 225n2 + 150n3)edes)
773 [8e3 + 108(1 + 2n,)e?el + 48(11 + 30n, + 30n2)e €3
+30(31 + 109n, + 141n2 + 94n3)ed]
with
ej =¢; /@ and d; = 6//?,
where j =1,2,3,4, i1 =1,2,3,4,5,6.

The definition of ; and §; quantities are
e1=(2—a), €2 =-32-0a)/2, es=—14+r3VE)(r)/6Q,

SV (r
5423_4__0%92, 61=—(1—a)3—a)/2, 6=3(1-0a)3—a)/4,

63:2(2—-&), 64:—5(2—61)/2.
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