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SUMMARY
Dynamic simulation in robotic systems can be considered as
a useful tool not only for the design of both mechanical
and control systems, but also for planning the tasks of
robotic systems. Usually, the dynamic model suffers from
discontinuities in some parts of it, such as the use of Coulomb
friction model and the contact problem. These discontinuities
could lead to stiff differential equations in the simulation
process. In this paper, we present an algorithm that solves the
discontinuity problem of the Coulomb friction model without
applying any normalization. It consists of the application
of an external switch that divides the integration interval
into subintervals, the calculation of the friction force in
the stick phase, and further improvements that enhance its
stability. This algorithm can be implemented directly in
the available commercial integration routines with event-
detecting capability. Results are shown by a simulation
process of a simple 1-DoF oscillator and a 3-DoF parallel
robot prototype considering Coulomb friction in its joints.
Both simulations show that the stiffness problem has been
solved. This algorithm is presented in the form of a flowchart
that can be extended to solve other types of discontinuity.

KEYWORDS: Dynamic simulation; Friction; Stiff ODE’s;
Parallel robots; Parameter identification.

1. Introduction
Friction is present in the joints of most of the robotic systems.
In some cases, friction forces can reach until 20% of the
maximum force.1 Hence, any realistic simulation should
include the friction phenomena correctly modeled. Despite
the fact that friction phenomena is nonlinear and several
models have been proposed for its modeling, such as the
Dahl model,2 the bristle model,3 and the LuGre model,4

the most widely implemented models in the direct dynamic
parameter identification processes are the linear ones that
consider Coulomb and viscous frictions (see refs. [5–8]
among others). For a survey on the different friction models
and their application see, for example, refs. [9, 10]. It will
be important to mention that the identification of dynamic
parameters is nowadays a widely accepted procedure in order
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to build the equations of motion for realistic simulations of
complex multibody mechanical systems. In this paper, the
dynamic simulation of the parallel robot is based on inertial
and friction parameters experimentally identified.

However, Coulomb friction can be considered as one of
those typical elements that introduce discontinuities into
the equation of motion of multibody systems. Inefficient
behavior or even a failure of the integration process might
be produced when trying to solve the discontinuous systems
without localizing the points of discontinuity explicitly.11

In order to solve this type of discontinuity problem several
approaches had been proposed. First contributions proposed
the application of a smoothing function, also known as
normalization method that tries to connect the positive
and negative limits of the Coulomb friction by smooth
curves for a small velocity region (see, for example, refs.
[12, 13]). Sextro12 used such normalization where in the
integration process switching between the different states
of the friction model was made internally depending on
the value of the velocity, i.e. at each integration step. As
stated by Sextro, high values of the slope of this curve
lead to a stiff set of differential equations. The proposed
solution was the use of special integration routines, or
stiff integrators, that cope with these kinds of problems.
However, these integrators need additional calculations to
enhance the instability of the integration process.11 In order
to make use of the conventional integration routines, Leine
et al.14 proposed the Shooting method to switch between the
different states of the Karnopp friction model15 internally
without halting the integration process. This approach is
well suited for friction with periodic cycles and can be
considered as an improved version of the Karnopp model
where the numerical instability has been solved. Hensen
et al.16 made a comparison between this approach and the
LuGre dynamic friction model with respect to the shooting
method. The shooting method was also used earlier by
Van de Vrande et al.17 in combination with the smoothing
function.

It is important to mention that in all the previously
described approaches—in the simulation process—exact
sticking never occurs and the stick–slip is not described
exactly.12,13 Finally, Quinn13 proposed a new normalization
of the Coulomb friction model where a small interval (ε)
around zero velocity was assumed in which the friction force

http://journals.cambridge.org


http://journals.cambridge.org Downloaded: 27 May 2014 IP address: 212.14.233.93

36 Dynamic simulation of a parallel robot

was calculated as a function of the net applied forces acting
on the joint and the size of (ε). As (ε) tends to zero his
model converges pointwise to the classical definition of the
Coulomb friction model. As stated by the author, some of
the drawbacks of this model are that in the stick phase the
velocity does not come to rest in a finite time and it may lead
to a stiff system of differential equations near the equilibrium.
Moreover, in the normalization methods, the exact friction
force is never calculated in the stick phase as exact sticking
never occurs and these methods represent an approximation
of the friction model in the discontinuity region. Among
those that related the friction force to the net applied forces
are refs. [14, 18].

From these papers the importance of the problem that
accompanies the application of the static friction models in
the direct dynamic problem can be revealed. Note that all of
them deal with the case in which the adjacent bodies remain
in contact. In the other case, where separation can occur, the
problem is normally converted to a Linear Complementarity
Problem. For more information about this kind of problem
see, for example, ref. [19].

In this paper, we introduce a switch algorithm in which
the Coulomb friction model is applied directly without any
normalization. In the stick phase, the friction force was
considered equal to the net forces and acting in opposite
direction. The problem of stiff differential equations has been
solved, and all the instability sources have been investigated
and then eliminated. The proposed algorithm is verified firstly
using a common simple example and then applied in the
dynamic simulation of a 3-DoF RPS parallel manipulator
submitted to actual control actions over a simple sinusoidal
trajectory and another Fourier series one. Results show
that this algorithm is stable and solves the discontinuity
problem of the Coulomb friction without the need for special
integrating routines specialized in stiffness problems.

2. Equations of Motion
The starting point for the dynamic simulation consists of
obtaining the explicit dynamic model of the manipulator and
integrating it with respect to time. The dynamic model of the
robot can be obtained basing on many dynamic principles.
For example, Mata et al.20 proved that, starting from
the Gibbs function, a computationally efficient recursive
algorithm can be obtained. For an unconstrained open-chain
mechanical system it has the form

D(�q) · �̈q + �C(�q, �̇q) + �Ff( �̇q) = �F (t), (1)

where (�q, �̇q, �̈q) are the vectors of independent generalized
positions, velocities, and accelerations, respectively, D is the
inertia matrix of the mechanical system, �C is the bias vector
that regroups centrifugal and Coriolis accelerations, �Ff is the
vector of friction forces, and finally �F is the vector of the
corresponding generalized forces that are time t dependent.

Starting from the Gauss principle of Least Action, the
equations of motion for a closed-chain mechanical system
can be found by considering it as a constrained multi-open
chain system. As shown by Udwadia and Kalaba,21 they have

Fig. 1. Coulomb and viscous friction model.

the form[
0 Dii + XT DeeX − DeiX − XT Die
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][
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]

=
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XT Dee − Die

)
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e
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)
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]
, (2)

where the subscripts i and j stand for the independ-
ent/dependent generalized coordinates, respectively, X =
A−1

e · Ai , and

[
Ae Ai

] [
�̈qe

�̈qi

]
= �b (3)

are the constraint equations at the acceleration level. For more
information about how to obtain the equations of motion of
closed-chain mechanisms see, for example, refs. [22, 23].

3. Discontinuity Problem of the Friction Model
Discontinuous friction models, such as the Coulomb friction
model, are commonly used to model friction in many
mechanical systems, including robot joints. Figure 1 shows
a friction model where Coulomb and viscous frictions are
considered. It can be expressed by the following equation:

Ff =
{

F+
c + F+

v · q̇ if q̇ > 0

−F−
c + F−

v · q̇ if q̇ < 0
, (4)

where, Fc and Fv are the Coulomb and viscous friction
coefficients, respectively, and the (+) and (−) superscripts
are to indicate the moving sense. As can be observed, this
friction model does not determine the friction force at zero
velocity. It can take any value between F−

c and F+
c .

In order to be able to solve the problem of applying such
a discontinuous friction model it is necessary to investigate
its behavior in the integration process. Consider a joint of
the robot that is passing zero-velocity state. The dynamic
equilibrium for this joint will be one of the two cases
represented in Fig. 2: the net force

∗
(Fnet) acting on the joint

of the link—excluding the friction force—lies either between
the positive and the negative Coulomb friction coefficients
or outside them. For both cases assume that the net force is
positive constant.

∗
Hereafter, the net force refers to all the forces acting on the joint

excluding the friction force.
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Fig. 2. (a) The net force lies between the Coulomb friction limits
and (b) higher than the positive friction limit.

3.1. Net force lies between Coulomb friction coefficients:
Fig. 2(a)
Consider the first case where the net force has a value that lies
between the Coulomb friction limits while the joint moves
at a positive velocity, i.e. F+

c > Fnet > F−
c and q̇ > 0. Then

the acceleration is negative q̈ < 0. This makes the velocity
decrease until it reaches zero. At zero velocity the friction
has two possibilities; it may take the value of the positive

Coulomb friction limit or the negative one. Consider the
positive one (there will be no difference if it takes the negative
one), then still q̈ < 0 since Fnet − Ff < 0. The integrator
tries to take a further step; the velocity continues decreasing
because the acceleration is negative but when the velocity
changes its sign to the negative one, the friction switches
to the negative velocity side Ff < 0, thus Fnet − Ff > 0
resulting in positive acceleration. This makes the velocity
change its sign once again from negative to positive, returning
to the previous point with the same previous conditions:
F+

c > Fnet, q̇ > 0, and q̈ < 0. The integrator will try to
minimize the integration step but without any improvement
(see the flowchart presented in Fig. 3). Hence it will be hard
for the integrator to integrate this point, leading to a type
of the so-called “stiff differential equations.” Actually—
holding the previous conditions—when the velocity of the
link reaches zero the friction force exactly equals the net
force in a negative sense, leading to zero acceleration, and
so the link stops and does not move until the net force
increases/decreases outside the Coulomb friction limits.

3.2. Net force lies outside the Coulomb friction coefficients:
Fig. 2(b)
The second case can be considered as a special case of the
first one (Fig. 2(b)). Let the previous link move in a negative

Fig. 3. The behavior of conventional nonstiff integrators in the presence of the discontinuous Coulomb friction model.
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direction and let the net force has a positive value that is
larger than the positive Coulomb friction coefficient, i.e. q̇ <

0 and Fnet > F+
c , then Ff < 0, Fnet − Ff > 0 and q̈ > 0. This

makes the velocity decrease down to zero value. Then at
this point of zero velocity the friction changes its sign from
positive to negative, leading to a sudden increase in the Fnet −
Ff value. As a result, the acceleration will not be a continuous
function of time. This also forces the integrator to make many
evaluations and to reduce the size of the integration step at
this point to conform with the applied integration tolerances.

4. Switch Algorithm

4.1. Switch between different phases
To solve the problem of discontinues differential equations,
Eich Soellner and Führer11 proposed the use of an external
switch which can be described as follows: testing the
sign of the switch function at each integration step, the
discontinuity is checked. If there is a change of sign—
a root of the switch function—then integration is stopped
and the sign of the switch function is changed, otherwise
integration is continued. It will be important to emphasize
that the integrator must be admitted to accomplish some
integration steps without changing the phase to the other
side of the discontinuity even though the discontinuity has
been reached, otherwise the same problem will be faced
due to discontinuity. Leine et al.,14 among others, objected
to use such a switch as halting the integration process is
undesirable from the numerical point of view, and special
integration routines to detect the switch point “event” are
needed. Herein, as the discontinuity of the equation of motion
occurs at velocity change of sign points, the switch function
is the velocity value.

Recently, some integration routines that are capable of
detecting the point/points of discontinuity have become
available. This will detract from the second objection. In
addition, simulating the actual sticking is more important
than the computational cost of halting the integration
process. Nevertheless, the results presented in this paper
show that the application of the proposed switch algorithm
is computationally more efficient than the normalization
method, to a great extent. Moreover, there will be no need
to apply a force in the stick threshold to eliminate the small
velocity as the event of the external switch is zero velocity.

The application of the external switch in parallel with the
calculation of the actual friction force when sticking has not
been addressed in the past. It avoids the stiffness problem
and simulates the stick–slip phenomenon. The external
switch solves the problem mentioned in the previous section,
second case. On the other hand, when accompanied with
a friction force calculation in the stick phase, the problem
that appeared in the first case is solved. In this paper, this
idea is implemented with some important improvements that
will be introduced in a later subsection, resulting in the
proposed switch algorithm. It is important to indicate that
most of the investigations that were mentioned in Section
1 consider simple simulated examples—in most cases of
2-DoF—in which the net force when sticking could be
obtained as direct relations. Here, the case is generalized and

systematic relations are extracted for their calculation for
any multibody mechanical system. In addition, the switch
algorithm is verified using actual data.

4.2. Friction calculation in the stick phase
In this section, an efficient way to calculate the friction force
as a function of the net external force in zero-velocity region
is presented. In the first place, for simplicity, stick–slip is
assumed to be present in only one joint, while the others are
still moving and they are away from the stick–slip region.
After that, this will be generalized to span all of them.

In order to simulate the stick–slip phenomenon, the friction
model must be introduced to the equation of motion in such
a way that when the velocity of a joint reaches zero value it
sticks if the net force lies between the two Coulomb friction
limits. I.e. denoting the joint that passes the zero-velocity
value by the subscript i, if

F+
ci

>
[
F (t)i −

(
D(�q) �̈q + �C(�q, �̇q)

)
i

]
> F−

ci
at q̇i = 0,

(5)
then the acceleration of this joint is zero. This can be done by
searching the value of the friction that automatically leads to
the zero acceleration of this joint, which can be found solving
the following linear equation:

Ff(q̇)i =
[
F (t)i −

(
D(�q) �̈q + �C(�q, �̇q)

)
i

]
at q̇i = 0,

subject to q̈i = 0.(6)

This equation cannot be solved simply as accelerations of
the other joints are unknown, but it can be rewritten in the
following form:

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

q̈1

...

q̈∗
i = 0

...

q̈n

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

= D−1

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

F1

...

F ∗
i

...

Fn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

C1

...

C∗
i

...

Cn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ff1

...

F ∗
fi
...

Ffn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(7)

where F ∗
fi

is the desired friction value that eliminates the
acceleration q̈∗

i at this point. The remaining values of the
friction are calculated by the friction model implemented, as
a function of the corresponding joint velocity. Here we are
interested only in the ith row of the right-hand side of the
previous equation that is the product of the ith row of the
inverse of the system inertia matrix by the adjacent vector.
Note that the inverse of the inertia matrix is also needed to
obtain the accelerations at this integration step.

When there are more than one joint passing the stick–slip
region, the previous expression (expression (7)) produces a
set of linear equations with the same number of unknown
friction forces, F ∗

fi
, F ∗

fj
, . . ., etc., which can be solved easily.

After solving these equations, if one of these frictions is
outside the Coulomb friction limits, then it takes the Coulomb
friction coefficient opposing motion tendency and the set of
the previous linear equations are re-solved for remaining
unknown friction values. This procedure is repeated until no
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Fig. 4. Friction calculation in and out of the stick phase in the
integration process. The term (StkPhzi) indicates that joint i is
passing the stick phase. TLastStickj and DQ Sgnj are terms that
will be introduced later on.

friction value calculated solving the set of linear equations
lies outside the Coulomb friction limits.

In the integration process, the joint that passes the stick–
slip region remains in this region until the net force without
friction lies outside the Coulomb friction limits. Then the net
force can overcome the Coulomb friction and makes the joint
move in its direction. After that, the friction is calculated by
the normal friction model as a function of the corresponding
velocity. These concepts are introduced in the integration as
shown by the flowchart presented in Fig. 4.

4.3. Observations
The previous two subsections solve the majority of the
discontinuity problem of the Coulomb friction model. Some
sources of instability still need to be resolved before applying
the algorithm in the integration process. They can be
summarized in the following subsections.

4.3.1. Incorrect change of sign. From the definition of the
aforementioned switch function one can face the problem
that not all the events found correspond to a true change of
sign of the switch function. For example, a positive velocity
can decrease to zero, event of the switch function, and after
that the conditions, net force and friction force, make the

Fig. 5. The different cases where an event is detected by the switch
function (represented by the small circles).

joint moves in the same previous direction (the velocity does
not change its sign).

Ff =
{

F+
c + F+

v · q̇ if DQ Sgn > 0

−F−
c + F−

v · q̇ if DQ Sgn < 0
. (8)

To solve this problem, a sign variable that represents the
actual sign of the velocity is introduced. Initially, it has the
same sign as the velocity. When an event is found its sign
does not change if stick occurs. If the net force is higher than
the Coulomb friction coefficients, then it takes the sign that
opposes the net force. Friction force outside the stick phase is
calculated using the normal friction model, but this time as a
function of the sign of this variable (see expression (8) and the
flowchart presented in Fig. 4). Another advantage of applying
this variable is that it permits the integrator to accomplish
some integration steps without changing the phase to the
other side of discontinuity, as indicated previously, to locate
the discontinuity point freely.

4.3.2. Machine precision (near zero switching points).
Due to the limited machine precision an incorrect velocity
change of sign can be detected. The velocity in the stick
region should have exact zero value. Nevertheless, any zero-
velocity value crossing, because of the machine precession,
accumulated errors, or the applied integrating tolerances,
could be considered as an event even though the current phase
is stick. As an alternative, root detection can be stopped in the
stick phase. Unfortunately, not all event finding integration
routines permit this action.

This problem can be solved by applying velocity margins
about the zero value where the switch function is modified
in such a manner that it detects an event in two consecutive
cases: when velocity changes its sign crossing zero value
and when the velocity goes outside these margins. None of
them can be detected unless the other had been detected
previously, i.e. if joint velocity goes out of these margins
then the argument of the switch function is the zero velocity.
After detecting this event the argument is changed to these
margins. All the possible sequences are shown in Fig. 5.

Note that only in the first case—the zero-velocity
argument—sticking occurs and the net force should be
calculated using Eq. (7). The corresponding switch function
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Fig. 6. An algorithm to solve the problem of near zero switching
points.

can be expressed by the following equation:

{
Switchi = q̇i RootCrss = 0

Switchi = |q̇i | − � RootCrss = �
(9)

where, in the integration process, the integrator indicates a
change of sign of the switch function (Switchi) if the velocity
changes its sign in the case of (RootCrss = 0) or crosses the
margins in the other case (RootCrss = �). The flowchart
presented in Fig. 6 shows the method of implementation of
the previous equation in the integration process.

4.3.3. Rejected integration iterations. Suppose that the joint
is in the stick phase and the integrator performs an iteration in
which the net force is higher/lower than the positive/negative
Coulomb friction coefficient, respectively. As a result, the
switch algorithm will change the state from stick to slip. But
what happens if this iteration does not satisfy the applied
tolerances? It will be rejected by the integrator. As a result,
it will go back and try to find another iteration that satisfies
tolerances. Unfortunately, the switch algorithm will not be
able to calculate the net force as the phase has already been
changed from stick to slip in the previous rejected iteration.

This problem is solved by applying another variable,
denoted by (TLastSticki) in the flowchart shown in Fig. 7.
It conserves the time of the iteration (t) at which the switch
algorithm changes the state from stick to slip. Since time in
the integration process is increasing unless the iteration has
been rejected, this situation can be detected by comparing
(TLastSticki) with the current iteration time. If it is lower,
nothing is changed and the integrator continues its task
outside the stick phase. Otherwise, the phase is returned
to stick. I.e. the phase will not be changed from stick to

Fig. 7. An algorithm to solve the problem of rejected iterations.

slip unless the iteration performed has been accepted by the
integrator. The value of (TLastSticki) is assigned once F ∗

fi
is

out of the Coulomb friction force limits (see Fig. 4).

4.4. Switch algorithm flowchart
All the flowcharts introduced in this section can be joined
together in a single flowchart as presented in Fig. 8. Note
that the value of (�) must be greater than the applied
integration tolerances in order to prevent any unexpected
margins crossing or numerical instability (this size was also
proposed by Leine et al.24 for the Karnopp model).

5. Results
In this section, validation of the proposed switch algorithm is
presented using three examples. The first one is a benchmark
to compare the behavior of the proposed algorithm with
the normalization techniques. The second one is a simple
sinusoidal trajectory to be able to make a comparison before
and after applying the algorithm in actual simulation tasks.
And finally, the last example is introduced to make evident
its stability and capability in the simulation of an actual
robot over a trajectory with many velocity changes of sign.
The actual simulation tasks are over a 3-DoF RPS parallel
manipulator using real data. The implemented integrator is
the (D02QFF) integration routine that uses a variable-order
variable-step Adams method with root-finding capability
provided by the NAG library.25

5.1. Simple 1-DoF oscillator
In this subsection, the advantages of the proposed switch
algorithm are shown by applying it to a simple 1-DoF
oscillator (Fig. 9). The unforced case, F = 0, will be
considered. The results obtained can be compared with those
obtained by Quinn13 in his normalization of the Coulomb
friction model. The equivalent equation that represents the
mechanical system can be written in the following form:

ẍ + x = Ff, (10)

where ẍ is the second time derivative of the position x and
Ff is the friction force that is modeled using a symmetric
Coulomb friction model with FC = 1N. Now, starting from
the same initial conditions as in the previously mentioned
work, (x(0), ẋ(0)) = (2.75, 0), and integrating to t = 10 s
using the previously mentioned NAG routine, the response
of the switch algorithm is shown as the time history of the
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Fig. 8. Switch algorithm flowchart.

Fig. 9. A simple 1-DoF oscillator.

integration process presented in Fig. 10. This figure presents
all the used iterations by the integration routine, as internal
calls to the function to be integrated, whether they were
accepted or rejected in the process.

As can be observed from the previous figures, the integrator
accomplished the first part of integration (slip portion) as
normal and located the zero-velocity point easily. Observe
that it had been permitted to accomplish the opposite velocity
sign iterations without changing the sign of the friction
force (the marked velocity point). Once zero velocity had
been found, the corresponding friction force was calculated
as proposed in the flowchart and then compared with the
Coulomb friction limits. Since it was within these limits,
the corresponding calculated acceleration was zero (to the

machine precession) and similarly the following velocities
had maintained the zero value (to the machine precession
and the applied integration tolerances). Another important
observation is the number of iterations accomplished in the
stick phase; in fact, it was a simple task for the integrator
away from oscillation and instability problems, simpler even
than the slip phase! Note that when the system reached the
stick phase x = −0.74999996, the only difference between
this value and the true one x = −0.750000 calculated by
Quinn13 is because of the applied integration tolerances (no
normalization error is being introduced).

5.2. Actual simulation
Once the model has been verified using a simple example,
it is applied in the simulation process of an actual 3-DoF
RPS parallel manipulator shown in Fig. 11. As can be seen,
it consists of a fixed base and a moving platform that is
guided by three linear actuators. These are actuated by three
DC motors controlled by an open architecture PID. The
dynamic model was constructed using dynamic parameters
obtained from an identification process established by Farhat
et al.26 Usually, in this kind of parallel robots, the friction

http://journals.cambridge.org


http://journals.cambridge.org Downloaded: 27 May 2014 IP address: 212.14.233.93

42 Dynamic simulation of a parallel robot

Fig. 10. The response of the switch algorithm for a simple example.

in passive joints (revolute and spherical joints) is negligible
compared with the active joints (prismatic ones). This issue
was experimentally verified in the previously mentioned
identification process.

In the simulation process, the applied forces are those
calculated by the control unit applied to the parallel
manipulator to follow the corresponding trajectory. Results
are shown for two types of trajectories. Firstly, they are
shown in detail for a simple sinusoidal trajectory and then the
robustness of the switch algorithm is demonstrated applying
it over a complex Fourier series exciting trajectory.

5.3. Simple sinusoidal trajectory
The sinusoidal trajectory and the corresponding applied
forces are show in Fig. 12.

Firstly, when the equations of motion were integrated
without considering the proposed algorithm the integrator
was not able to continue after the first velocity change of
sign. Stiff differential equations were obtained. Integration
was held with absolute and relative errors of 1E-06 and 1E-
08, respectively. In order to make the stiffness of the process
evident, figures are presented showing the time history of
the independent generalized velocities, the calculated friction

Fig. 11. The 3-DoF RPS parallel manipulator used in the simulation process. Simulated model on the left and the actual one on the right.
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Fig. 12. A simple sinusoidal trajectory with the corresponding applied forces.

force by the corresponding friction model, the applied forces,
and the resulting generalized accelerations for each integra-
tion iteration (see Fig. 13). As for Fig. 10, all the internal
iterations made by the integration routine are shown in this
figure, whether they were accepted or rejected in the process.

As can be seen, when the velocity of the second joint
reached zero value, at t = 0.64 s, the corresponding friction
force oscillated between the two Coulomb friction limits,
as a result the calculated accelerations for all joints have
a similar oscillation. Observe that all the iterations made
posterior to t = 0.64 s were rejected as they did not satisfy
the applied tolerances. The integrator was not capable to
find an iteration posterior to this time, hence the integration
has been interrupted. On the other hand, when the proposed

algorithm had been applied, this problem was solved and
integration was accomplished over the entire trajectory (see
Fig. 14 for the corresponding integration history).

As can be observed from Fig. 14, the oscillation due to the
discontinuity problem at t = 0.64 s has been removed with
the application of the proposed switch algorithm. Similarly
for the other zero-velocity points of the trajectory.

5.4. Fourier series trajectory
In this example, the robustness of the switch algorithm is
presented. The trajectory is used in the identification process
of the dynamic parameters of the parallel robot mentioned
previously. So it is an exciting trajectory that contains many
points of velocity changes of sign (see Fig. 15).

Fig. 13. Stiff differential equations behavior.
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Fig. 14. Integration considering the proposed switch algorithm.

Fig. 15. Fourier series trajectory integration results. In the first plot continuous and dashed lines represent the actual trajectory followed by
the robot and the integrated one, respectively.
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As can be observed from Fig. 15, the problem of
discontinuity that accompanies the direct application of
the Coulomb friction model has been totally eliminated;
the correct value of the friction force has been calculated
in the stick phase (points not interconnected by lines in
the friction figure), hence there is no oscillation in the
corresponding value of the acceleration (acceleration figure)
ensuring the stability of the integration process. Therefore,
integration could be accomplished using a conventional
nonstiff integration routine.

6. Conclusion
In this paper, we have presented an algorithm that solves
the stiff differential equations problem that accompanies
the discontinuity of the Coulomb friction model. With
this algorithm the exact stick–slip phenomenon has been
simulated without any normalization of the friction model.
Fundamentally, it is based on two concepts: the application
of the switch function that divides the integration interval
into subintervals and the calculation of the friction force
in the stick phase. Thorough investigation of integrator
behavior in the simulation process considering the Coulomb
friction model led to further improvements that enhanced the
stability and robustness of the simulation process and totally
eliminated the stiffness problem, enabling the use of nonstiff
integration routines.

This algorithm has been applied in the simulation process
of a 1-DoF oscillator, unforced model, to show its advantages
over the normalization method. No integration problem
has been faced in the stick phase. On the contrary, it
was an even simpler task than the slip phase. Using real
data, applied forces calculated by the control unit, and
identified dynamical parameters, it has been applied to the
simulation of the movement of an actual 3-DoF parallel
manipulator over simple and complex trajectories. The
results of the first trajectory were presented in detail, with
and without the application of the switch algorithm, to
show its behavior in the stick–slip phase in the simulation
process. Meanwhile, the complex one shows its robustness
and stability in accomplishing the real complex simulation
tasks. The algorithm has been provided in a flowchart for ease
of future implementation. It could be improved to span other
sources of discontinuity in the equations of motion such as
the contact problem.
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